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Gödel-type universes in string-inspired charged gravity
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We consider a string-inspired, gravitational theory of scalar and electromagnetic fields and we investigate
the existence of axially symmetric, Go¨del-type cosmological solutions. The neutral case is studied first and an
‘‘extreme’’ Gödel-type rotating solution, which respects the causality, is determined. The charged case is
considered next and two new configurations, minimally coupled to gravity, are presented, for the electromag-
netic field. Another configuration motivated by the expected distribution of currents and charges in a rotating
universe is studied and shown to lead to a Go¨del-type solution for a space-dependent coupling function.
Finally, we investigate the existence of Go¨del-type cosmological solutions in the framework of the one-loop
corrected superstring effective action and we determine the sole configuration of the electromagnetic field that
leads to such a solution. It turns out that, in all the charged cases considered, closed timelike curves do appear
and the causality is always violated.@S0556-2821~99!06920-9#

PACS number~s!: 98.80.Hw, 04.50.1h, 11.25.Mj, 98.80.Cq
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I. INTRODUCTION

Einstein’s theory of relativity has been exhaustively stu
ied for many decades and a plethora of solutions, both m
ematically and physically interesting, have been determin
One of the most fascinating cosmological solutions t
emerged from Einstein’s equations was the Go¨del-type rotat-
ing universe@1#. The feature that was most appealing a
intensely attracted the interest of scientists to these cos
logical models was the fact that they admit closed timel
curves. This leads to the violation of causality in the unive
@2# and to the possibility of time travel into our past or futu
@3#.

Since their discovery in 1949, several versions and mo
fications of the Go¨del cosmological solutions have been co
sidered. Apart from the perfect fluid that gave rise to t
original Gödel solutions, extra fields, i.e. vector@4,5,6#, sca-
lar @7#, spinor @8# ~and their combinations@9,10,11#! and
even tachyon fields@12#, were gradually introduced. Higher
derivative gravitational terms were also considered in an
tempt to introduce quantum corrections to Einstein’s the
of gravity @13#. Recently, geometrical aspects of Go¨del-type
solutions have also been studied, either determining s
tions that could be interpreted as the exterior of Go¨del space-
times @14# or connecting the 311 Gödel geometry with a
211 anti–de Sitter subspace@15#. Five-dimensional models
that admit generalized Go¨del-type solutions have also bee
constructed@16# and the same type of solutions was prov
to arise also in Riemann-Cartan spacetimes with non-z
torsion @17#.

As is well known, superstring theory is the most plausib
theory nowadays for the unification of all forces and t
formulation of a quantum theory of gravity. The effectiv
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theory of heterotic superstrings at low energies provides
with a gravitational theory from which Einstein’s theory o
gravitation automatically emerges when one ignores
higher-loop stringy corrections and assigns constant va
to the scalar fields of the theory. On the other hand, wh
one takes into account these extra terms, a generalized th
of gravity arises which leads to important modificatio
when compared to the theory of general relativity. The qu
tion of what happens to the causal pathologies of the Go¨del-
type cosmological solutions when one introduces stringy c
rections to Einstein’s theory of gravity inevitably arises. It
then, necessary to investigate the existence of Go¨del-type
solutions and the appearance or not of closed timelike cu
in the framework of the superstring effective theory. Barro
and Dabrowski@18# tried to answer this question and studie
the one-loop corrected superstring effective theory in
string frame~and the lowest order in the Einstein frame! by
considering a non-zero dilaton and axion field. They fou
that, in the context of this specific theory, Go¨del universes do
not contain closed timelike curves and the causality need
be violated. Here, we will try to extend their work and stu
the full one-loop superstring effective theory in the Einste
frame. We will consider all four scalar fields, as well
higher-derivative gravitational and electromagnetic term
However, our analysis will be greatly simplified by the fa
that all higher-derivative gravitational terms identically va
ish for a Gödel spacetime.

The structure of this article is as follows: in Sec. II, w
present the action functional of the theory and derive
corresponding equations of motion in an axially symmet
spacetime background. In Sec. III, we study the neutral c
where scalar fields minimally coupled to gravity give rise
Gödel-type cosmological solutions. The charged case is c
sidered in Sec. IV and the equations of motion are con
niently formulated. In the same section, we deal with t
problem of the simultaneous existence of an electromagn
and scalar fields all minimally-coupled to gravity. All th
©1999 The American Physical Society19-1
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P. KANTI AND C. E. VAYONAKIS PHYSICAL REVIEW D 60 103519
possible configurations for the electromagnetic compone
that lead to Go¨del-type rotating universes are determined a
the solution for the scalar fields is presented. In Sec. V,
physically favored case of a constant magnetic field alo
the rotation axis together with a radial electric and magn
component is studied and proved to be compatible with
axially-symmetric universe only in the case of a spa
dependent coupling function. The non-trivial interaction b
tween the electromagnetic and the scalar fields in the fra
work of the one-loop corrected, superstring, effective the
is the basic feature of the gravitational theory considered
Sec. VI. There, the possible configurations of the elec
magnetic field that lead to Go¨del-type universes are re
examined and the solution for the scalar fields is determin
Section VII is devoted to the conclusions derived from o
analysis while some useful formulas and equations are
played in the Appendix at the end of the paper.

II. ACTION FUNCTIONAL AND EQUATIONS OF MOTION
OF THE THEORY

We consider the following, string-inspired, generaliz
theory of gravity which describes the coupling of four sca
fields and the electromagnetic field to gravity:

Se f f5E d4xA2gH R

2
1

1

4
~]mf!21

1

4
e22f~]ma!2

1
3

4
~]ms!21

3

4
e22s~]mb!21 f 1R GB

2 1 f 2RR̃

1 f 3FmnFmn1 f 4FF̃J . ~2.1!

In the above,f is the dilaton,a andb are the axions, ands
is the modulus field. The gravitational and electromagne
quantities that appear in the above expression are define

R GB
2 [RmnklRmnkl24RmnRmn1R2, ~2.2!

RR̃[hmnrsRkl
mnRrskl , ~2.3!

FF̃[hmnrsFmnFrs . ~2.4!

In the framework of the one-loop corrected, effecti
theory of heterotic superstrings at low energies the coup
functions f i have the form

f 1[a8S ef

8g2 1D D , f 2[a8S a

8g2 1Q D ,

f 3[a8S 2
ef

8g2 1D̂ D , f 4[a8S 2
a

8g2 1Q̂ D , ~2.5!

wherea8 is the inverse string tension and the functionsD, Q,
D̂, andQ̂ depend only on the scalar fieldsb ands. However,
during the following sections, we are going to assume t
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the coupling functionsf i are zero, constant, space-depend
or field-dependent according to the type of gravitation
theory considered each time.

We assume that the universe is described by the follow
axially-symmetric line-element

ds25@dt1C~r !dw#22dr22dz22D2~r !dw2

5dt22dr22dz22~D22C2!dw212C~r !dt dw.

~2.6!

By making use of the non-vanishing components of the c
vature tensorRmnrs , of the Ricci tensorRmn and the scalar
curvatureR, which are given in the Appendix, it is easy t
see that both of the higher-derivative gravitational ter
R GB

2 andRR̃ vanish identically. Then, the variation of th
action functional of the theory with respect to the sca
fields, the metric tensor, and the electromagnetic poten
leads to the following set of equations of motion:

1

A2g
]m@A2g]mf#52e22f~]ma!212

] f 3

]f
FmnFmn ,

~2.7!

1

A2g
]m@A2ge22f]ma#52

] f 4

]a
FF̃, ~2.8!

1

A2g
]m@A2g]ms#52e22s~]mb!21

2

3

] f 3

]s
FmnFmn

1
2

3

] f 4

]s
FF̃, ~2.9!

1

A2g
]m@A2ge22s]mb#5

2

3

] f 3

]b
FmnFmn1

2

3

] f 4

]b
FF̃,

~2.10!

Rmn2
1

2
gmnR14 f 3S Fm

sFns2
1

4
gmnFrsFrsD

52
1

2
~]mf!~]nf!1

1

4
gmn~]rf!22

e22f

2
~]ma!~]na!

1
1

4
gmne22f~]ra!22

3

2
~]ms!~]ns!1

3

4
gmn~]rs!2

2
3

2
e22s~]mb!~]nb!1

3

4
e22sgmn~]rb!2, ~2.11!

1

A2g
]m@A2g f3Fmn#1

1

A2g
]m@A2g f4F̃mn#50,

~2.12!

where we have assumed that the functionsf 3 and f 4 depend
on spacetime either directly of through their dependence
9-2
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the scalar fields. In the latter case, there is a non-trivial c
pling between the scalar fields of the theory and the elec
magnetic field.

III. THE NEUTRAL CASE

In this section, we ignore the electromagnetic field a
concentrate our attention on Einstein’s equations,Gmn5
2Tmn

s , where Tmn
s is the energy-momentum tensor of th

scalar fields. The non-vanishing components of both the E
stein and the energy-momentum tensor are also given in
Appendix. We notice that simple relations hold between
various components ofTmn

s , namely

Tzz
s 52Trr

s , Tww
s 5~C22D2!Ttt

s , Ttw
s 5CTtt

s .
~3.1!

By making use of the above relations, we can determine
solution for the metric functionsC andD in the presence o
multiple scalar fields in the theory. Rearranging the (tt) and
(tw) components of the Einstein’s equations as well as
(tt) and ~ww! components, we find the constraints

C95
C8D8

D
, C825DD9, ~3.2!

respectively, where the prime denotes derivative with resp
to the radial coordinater . However, doing the same with th
(rr ) and (zz) components, we are led to the resultD950.
Then, the general solution of the above system isD(r )
5d1r 1d2 andC(r )5c1 . If the line-element~2.6! is to de-
scribe a rotating universe with the functionC(r ) being the
analog of its angular momentum, then on thez-axis, that is in
the limit r→0, both of the functionsC(r ) andD22C2 must
vanish. This leads toc15d250 and the vanishing of thegtw
component of the metric tensor. Redefining the angular
ordinatew in order to absorb the arbitrary constantd1 , the
line-element ~2.6! reduces to that of a non-rotating
spherically-symmetric universe. Finally, by rearranging
(tt) and (rr ) components of the Einstein’s equations, w
obtain the following relations:

~] rf!21e22f~] ra!213~] rs!213e22s~] rb!250,
~3.3!

~]zf!21e22f~]za!213~]zs!213e22s~]zb!250.
~3.4!

According to the above constraints, each one of the der
tives of the scalar fields with respect tor or z must vanish. In
other words, the only acceptable solution for the scalar fie
is the trivial one:f5f0 , a5a0 , s5s0 and b5b0 where
f0 , a0 , s0 andb0 are arbitrary constants.

However, if we include in the theory the cosmologic
constantL, the Einstein tensorGmn should be replaced by
Gmn1Lgmn . In this case, the constraints~3.2! are still valid
but, now, the rearrangement of the (rr ) and (zz) compo-
nents of the Einstein’s equations gives the result
10351
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D9

D
522L. ~3.5!

The combination of the above relation with the second o
of Eq. ~3.2! leads toC82522LD2 which means that the
cosmological constant must be always negative in orde
ensure the reality of the functionsC and D. If we demand
that, in the limit r→0, both of the functionsC and D2

2C2 must vanish, the general solution of the system~3.2!–
~3.5! takes the form

D~r !5
1

m
sinh~mr!, ~3.6!

C~r !5
1

m
@cosh~mr!21#

5
2

m
sinh2S mr

2 D , ~3.7!

wherem2522L. The above solution for the spacetime is
Gödel-type solution which is defined as@1,10#

ds25Fdt1
4V

m2 sinh2S mr

2 Ddw G2

2dr22dz2

2
sinh2~mr!

m2 dw2, ~3.8!

where againm2522L andV is the rate of the rigid rotation
of the matter around thez-axis. In the case of the origina
Gödel universe, the matter is a perfect-fluid with an energ
momentum tensor of the formTmn5rVmVn , where Vm

5d0
m the fluid four-vector velocity andr the density of mat-

ter. Thegww component of the Go¨del metric ~3.8! has the
form

gww52
4

m2 sinh2S mr

2 D F11S 12
4V2

m2 D sinh2S mr

2 D G
~3.9!

and it is obvious that for 4V2.m2, thegww component may
become positive for a range of values of the radial coordin
r leading to the existence of closed timelike curves~CTC’s!.
The solutions found above, Eqs.~3.6!,~3.7!, constitute a
Gödel-type solution with 4V25m2. It is, actually, a limiting
case of a Go¨del-type universe that ensures the non-existe
of closed timelike curves. The same type of solution w
found in the case of an electromagnetic field minima
coupled to gravity@10# and in the framework of a higher
derivative gravitational theory@13# and it was shown tha
this ‘‘extreme’’ Gödel-type solution, although ‘‘on the
verge’’ of displaying the breakdown of causality, is free
any closed timelike curves@13,19#.

Next, we concentrate our attention on the scalar fie
Their dependence on the spatial coordinates is strongly
stricted by the constraint
9-3
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P. KANTI AND C. E. VAYONAKIS PHYSICAL REVIEW D 60 103519
] rf]zf1e22f] ra]za13] rs]zs13e22s] rb]zb50,
~3.10!

which follows from the (rz) component of the Einstein’s
equations. We shall consider the most general case in w
all the scalar fields depend on ther andz coordinates due to
the staticity and axial symmetry of the spacetime. The
maining components of Einstein’s equations give the follo
ing constraints:

22L5~] rf!21~]zf!21e22f@~] ra!21~]za!2#

13@~] rs!21~]zs!2#13e22s@~] rb!21~]zb!2#,

~3.11!

22L52~] rf!21~]zf!21e22f@2~] ra!21~]za!2#

13@2~] rs!21~]zs!2#

13e22s@2~] rb!21~]zb!2#. ~3.12!

Rearranging the above expressions, we are led to the re

~] rf!21e22f~] ra!213~] rs!213e22s~] rb!250, ~3.13!

~]zf!21e22f~]za!213~]zs!213e22s~]zb!2522L.
~3.14!

The former constraint is satisfied only if we assume that
scalar fields do not depend on the radial coordinate. In
case, the supplementary constraint~3.10! is automatically
satisfied. The latter constraint leads to the following dep
dence of the scalar fields on the coordinatez:

f5f01f1z, a5a01a1ef, ~3.15!

s5s01s1z, b5b01b1es, ~3.16!

wheref i , ai , s i and bi are constants. If we substitute th
above expressions for the scalar fields in their equation
motion, we find some further constraints, namely,f1a150
and s1b150, which means that not both of the pairs~f,s!
and (a,b) can have a non-trivial solution. If we choose to s
f15s150 in order to satisfy the above constraints, then
second pair of scalar fields (a,b) is inevitably led to the
trivial solution as well. If, on the other hand, we seta1
5b150, the dilaton and modulus field can still preserve
non-trivial form. As a result, the most interesting solution f
the scalar fields is the following:

f5f01f1z, a5a0 , s5s01s1z, b5b0 ,
~3.17!

where

22L5f1
213s1

2 . ~3.18!

Similar results for the dilaton and axion fielda were
found by Barrow and Dabrowski@18#. Here, we have also
included the axion fieldb and the moduluss, that are presen
in the low-energy effective string theory, and shown that
solution for the metric remains unchanged. Moreover, fr
10351
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the above analysis, it is easy to conclude that a theory w
an arbitrary number of multiple scalar fields formulated
the following way:

S5E d4xA2gH R

2
2L1(

i 51

N S 1

4
]mf i]

mf i

1
1

4
e22f i]mai]

mai D J , ~3.19!

always accepts axially-symmetric spacetime background
the form~2.6! and Eqs.~3.6!,~3.7! with the scalar fields given
by

f i5f0
i 1f1

i z, a5a0
i , ~3.20!

and with the constantsf1
i satisfying the constraint

22L5(
i 51

N

~f1
i !2. ~3.21!

IV. EM AND SCALAR FIELDS: MINIMAL COUPLING

Next, we assume that an electromagnetic field, in the fo
of FmnFmn andFF̃, is included in the theory with coupling
functions f 3 and f 4 , respectively. In this case, Einstein
equations are supplemented by Maxwell’s equations
come from the equation of motion of the electromagne
field ~2.12!. The exact form of both sets of equations a
displayed in the Appendix. The relations~3.1! between the
components ofTmn

s still hold and may be used once again
order to derive a number of constraints on the metric fu
tions C and D. Rearranging accordingly the pairs of equ
tions ~A17!, ~A18!, ~A16!, ~A19!, and~A16!, ~A20!, we are
led to the following constraints:

D9

D
12L14 f 3@Frz

2 1Ftw
2 ~gtwgtw2gttgww!#50, ~4.1!

CC92DD91C822
CC8D8

D
14 f 3@Fwr

2 1Fwz
2 2~C22D2!

3~Ftr
2 1Ftz

2 !#50, ~4.2!

C9

2
2

C8D8

2D
14 f 3@FtrFwr1FtzFwz2C~Ftr

2 1Ftz
2 !#50.

~4.3!

Moreover, one could express the derivatives of the sc
fields with respect only tor or only to z in terms of the
metric functions and the various components of the elec
magnetic field. Adding or subtracting the (tt) and (rr ) com-
ponents of the Einstein’s equations and by making use of
above constraints~4.1!–~4.3!, we obtain the results
9-4
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~] rf!21e22f~] ra!213~] rs!213e22s~] rb!2

58 f 3~Frz
2 2Ftr

2 !1
8 f 3

D2 ~Fwt
2 2Fwz

2 2C2Ftz
2 12CFtzFwz!,

~4.4!

~]zf!21e22f~]za!213~]zs!213e22s~]zb!2

5
C82

D2 18 f 3~Frz
2 1Ftr

2 !1
8 f 3

D2

3~Fwt
2 1Fwz

2 1C2Ftz
2 22CFtzFwz!. ~4.5!

The substitution of Eqs.~A16!–~A20! by the constraints
~4.1!–~4.5! allows us to determine first the form of the metr
functionsC andD only in terms of the non-vanishing com
ponents of the electromagnetic field, through Eqs.~4.1!–
~4.3!, and subsequently the solution for the scalar fiel
through Eqs.~4.4!,~4.5!.

We start the study of the charged case by first conside
the minimal coupling of the electromagnetic and scalar fie
to the gravitational field. As a result, we are going to assu
that both of the coupling functionsf 3 and f 4 do not depend
on spacetime and setf 35 f 4521/4. The necessary and su
ficient conditions for the existence and space-time homo
neity, at the same time, of a Go¨del-type axially-symmetric
universe are the following@10#:

D9

D
5const522L5m2,

C8

D
5const52V. ~4.6!

By studying Eq.~4.1!, it is straightforward to see that th
first condition is satisfied if we assume thatFrz5Ftw50, i.e.
if that both the electric and magnetic components along
ŵ direction vanish, an assumption easily accepted given
cylindrical symmetry of the problem. The second conditi
is satisfied if we assume that the combination of the com
nents of the electromagnetic field that appears inside
brackets in Eq.~4.3! vanishes, too. Then, Eq.~4.2! provides
us with a relation between the different parameters of
theory. Note, that once these two conditions~4.6! are satis-
fied, a Gödel-type cosmological solution appears indepe
dently of the existence or not of scalar fields in our theor

Gödel-type cosmological solutions, in the case of a mi
mally coupled electromagnetic field but in the absence
scalar fields, already exist in the literature: the So
Raychaudhuri solution@4# and the Rebouc¸as solution@5#.
The Som-Raychaudhuri ansatz for the electromagnetic fi
has the form

Fwr~r ,z!52
A4V22m2

D~r !
, Frt~r ,z!5C~r !Fwr .

~4.7!

When written in terms of covariant components, the abo
ansatz gives rise only to a magnetic field along thez axis:
Bz5Fwr5A4V22m2D(r ). In this case, both of the cond
tions ~4.6! are satisfied giving rise to a Go¨del-type solution
for the spacetime while the equations for the electromagn
10351
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field ~A27!–~A30! are satisfied only if we assume the pre
ence of a continuous electric-charge distribution with cha
density given byr5(V/2)A4V222m2. On the other hand
the Rebouc¸as solution assumes theAnsatz

Ftz5A0 sin~2Vz!, Fwz5C~r !Ftz ,

Fwr52A0D~r !cos~2Vz!, ~4.8!

whereA05A4V22m2. The above ansatz also satisfies t
conditions~4.6! as well as the source-free Maxwell equatio
~A27!–~A30!.

As Raychaudhuri and Guha Thakurta have pointed ou
their work@6#, there are more than oneAnsatzfor the form of
the electromagnetic field that may lead to the same Go¨del-
type cosmological solution. In this section, we make a th
ough analysis of the possible configurations of the elec
magnetic field and present the remaining solutions. Since
first of the conditions~4.6! is easily satisfied by settingFrz
5Ftw50, we concentrate our attention on the constrai
~4.2!,~4.3! looking for all the possible, non-trivial combina
tions of the components of the electromagnetic field that
spect the second condition. We notice that these constra
are characterized by a ‘‘duality,’’ i.e. they remain invaria
under the interchange of the indicesr and z in the compo-
nents of the electromagnetic field. As a result, we are led
consider the ‘‘dual’’ forms of the aforementioned solutio
~4.7! and ~4.8!. We start with the Som-Raychaudhuri-du
solution and consider theAnsatz

Br5Fzw5A4V22m2D~r !. ~4.9!

It is easy to see that thisAnsatzsatisfies both of the con
straints ~4.6! leading to a Go¨del-type solution of the form
~3.8!. As in the original Som-Raychaudhuri solution, we a
forced to introduce a source term in order to satisfy Ma
well’s equations~A27!–~A30!. However, in this case the
source term corresponds to a distribution of magnetic mo
poles instead of electric. Following Dirac’s example@20#, we
introduce, apart from the electric four-currentj m5$r,W%, a
magnetic four-currentkm5$h,kW% and write Maxwell’s equa-
tions ~2.12! in the more general form

1

A2g
]m@A2g~ f 3Fmn1 f 4F̃mn!#52~ j m1km!.

~4.10!

Then, the substitution of theAnsatz ~4.9! into the above
equation leads to the determination of a magnetic cha
density equal to

h52
A4V22m2

4

D8

D
. ~4.11!

The magnetic monopoles are spread all over the univers
their corresponding density vanishes at the origin while
approaches a constant value at infinity.

Finally, the ‘‘dual’’ Ansatzof the Rebouc¸as solution~4.8!
can be written in the form
9-5
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Ftr5
A4V22m2

&
, Fwr5C~r !Ftr , Fwz5D~r !Ftr .

~4.12!

As the original Rebouc¸as solution, the above ‘‘dual’’ solu
tion leads to a Go¨del-type universe~3.8! and satisfies the
source-free Maxwell’s equations. As a matter of fact,
substitution of the aboveAnsatzinto the generalized Max
well’s equations~4.10! leads to non-vanishing expressio
for the electric and magnetic-charge densities, i.e.

r52
A4V22m2

&
D8, h5

A4V22m2

&
D8, ~4.13!

which, however, being exactly opposite, cancel each othe
we setFwz50, the solution for the spacetime remains u
changed and, as a result, the following combination ofFtr
andFwr alone:

Ftr5A4V22m2, Fwr5C~r !Ftr ~4.14!

is an acceptable solution of Eqs.~4.1!–~4.3! by itself. How-
ever, the vanishing of the componentFwz necessitates the
introduction of a source-term into Maxwell’s equations. T
corresponding electric-charge density that follows has
form

r5
A4V22m2

4

D8

D
. ~4.15!

As in the case of the Som-Raychaudhuri-dual solution,
electric monopoles are spread all over the universe.
‘‘dual’’ solution of this last combination can be written as

Ftz5A4V22m2, Fwz5C~r !Ftz , ~4.16!

and leads, as we expect, to a Go¨del-type universe of the form
~3.8!. The electric-charge density found above is substitu
in this dual case, by a magnetic-charge density of the fo
h5(V/2)A4V22m2. The above density corresponds to
homogeneous, constant distribution of magnetic monopo

The modification~4.10! of Maxwell’s equations is accept
able only in the case where the corresponding source-te
do not act as an additional source for the gravitational fi
and, thus, do not destroy the Go¨del-type cosmological solu
tions. In other words, the introduction of charge and curr
densities in the Maxwell’s equations result from the intr
duction of the term22( j m1km)Am in the Lagrangian of the
theory, whereAm is the electromagnetic potential. In prin
ciple, such a term could enter the Einstein’s equations
cause the violation of the Go¨del conditions~4.6!. In the cases
of the Som-RaychaudhuriAnsatz~4.7!, the Rebouc¸asAnsatz
~4.8!, and their ‘‘dual’’ Ansätze~4.9! and~4.12!, the source-
term (j m1km)Am vanishes identically and, thus, does n
affect Einstein’s equations and the solution for the spa
time. On the other hand, theAnsätze~4.14! and~4.16! intro-
duce a non-vanishing source-term in the Lagrangian wh
depends non-trivially on the spacetime coordinates and
modifies the Go¨del-type solution. As a result, these twoAn-
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sätzefail to lead to a Go¨del-type rotating universe and, thu
they will not be considered any longer.

All of the above solutions for the spacetime and elect
magnetic field are compatible with the existence of sca
fields, minimally-coupled to gravity, in the theory. The co
straints~4.4!,~4.5! can, now, be written as

~] rf!21e22f~] ra!213~] rs!213e22s~] rb!2

52FFtr
2 1

~Fwz2CFtz!
2

D2 G , ~4.17!

~]zf!21e22f~]za!213~]zs!213e22s~]zb!2

54V222FFtr
2 1

~Fwz2CFtz!
2

D2 G . ~4.18!

For all the solutions found above, the right-hand side of
above equations is a constant and, as a result, the depend
of the scalar fields on the coordinatesr andz can be linearly
at the most. When one considers the contribution of the e
tromagnetic field in the right-hand side of Eqs.~4.17!,~4.18!,
it turns out that these solutions form two distinct groups:
the Som-Raychaudhuri~4.7! and the Rebouc¸as~4.8! Ansätze,
the contribution is identically zero while, for the Som
Raychaudhuri-dual~4.9! and the Rebouc¸as-dual~4.12! An-
sätze, is not zero. This means that, for the first group, t
scalar fields depend linearly only on the coordinatez while,
for the second group, a linear dependence also on the ra
coordinate seems to be possible. However, when the co
sponding expressions for the scalar fields are substituted
their equations of motion, the radial dependence disapp
and the final solution takes the form

f5f01f1z, a5a0 , s5s01s1z, b5b0 ,
~4.19!

where now

f1
213s1

254V2. ~4.20!

The above solution strongly resembles the one derived in
neutral case. This result was to be expected due to the
sence of any interaction between the electromagnetic and
scalar fields. We may then conclude that the only effect
the introduction of the electromagnetic field is the modific
tion of the relation between the fundamental parameters
the theory: instead of 4V25m2 holding in the neutral case
we now have

4V22m25Q2, ~4.21!

where Q plays the role of the electric or magnetic char
depending on the ‘‘flavor’’ of the component of the electr
magnetic field considered each time. A result similar to E
~4.19! for a single scalar field minimally coupled to gravit
and in the presence of an electromagnetic field was der
in @10#. Here, we presented the result for four scalar fie
and for all possible configurations of the electromagne
field that lead to a Go¨del-type universe. Once again, the ge
9-6
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eralization of the above result for the case of multip
minimally-coupled to the gravity, scalar fields is straightfo
ward.

Finally, the question concerning the existence or not
closed timelike curves in the presence of the electromagn
field has to be addressed. The new relation~4.21! between
the fundamental parameters of the theory leads to the re
4V2.m2. When this inequality is put together with the e
pression~3.9!, we may easily conclude that the appearan
of closed timelike curves for a certain range of values of
radial coordinater is inevitable. No matter how harmless th
modification of the relation between the parameters of
theory may seem at first sight, it causes the breakdown o
causality in our Go¨del-type axially-symmetric universe~3.8!.

V. EM: NON-MINIMAL COUPLING

In the previous section, we considered all the poss
configurations of an electromagnetic field that may lead t
charged Go¨del-type universe. Although all of the solution
found are theoretically acceptable since they constitute s
tions of the equations of motion, some of theAnsätze con-
cerning the non-vanishing components of the electrom
netic field are more physically preferable. If we accept
assumption of a homogeneous distribution of electric char
over the universe, then, in the case of a Go¨del-type universe,
every point-charge rotating around thez-axis creates a cur
rent loop. The net effect of all these tiny currents is t
creation of multiple ‘‘solenoids’’ around thez-axis with radii
varying from zero to infinity. An observer located in a poi
along thez-axis would detect a constant magnetic field
duced by the total current carrying by the ‘‘solenoids.’’

So, if we assume thatBW 5 ẑm0i , wherei the total current
and m0 the permeability of the free space, and go back
constraints~4.1!–~4.3!, we observe that, although the cond
tions ~4.6! for a Gödel-type spacetime are still satisfied, th
constraint~4.2! is not satisfied in the case of the minim
coupling, i.e. in the case of a constant coupling functionf 3 .
However, if we assume that the electromagnetic field is n
minimally coupled to gravity and assume the spa
dependence of the coupling functionsf 3 and f 4 , the follow-
ing relation:

4V22m25m0
2i 2 ~5.1!

between the fundamental parameters is obtained once w
sume thatf 3(r )52D2(r )/4. Note that, as in the minimal
coupling case, the coupling functionf 3 has to be negative in
order to ensure the positivity of thett-component of the
energy-momentum tensor of the electromagnetic field.

When theAnsatzfor the electromagnetic field is subst
tuted into Maxwell’s equations~A27!–~A30!, we obtain the
following expressions for the electric-charge density and
density of electric current along theŵ direction

r5
m0i

4

~CD!8

D
, j w52

m0i

4

D8

D
, ~5.2!
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respectively. While the density of the electric current va
ishes on thez-axis and becomes constant at infinity as e
pected, the electric-charge density also vanishes at the o
but diverges at infinity. This ill behavior of the electric
charge density makes ourAnsatzconsiderably less attractive
Moreover, a non-trivial source-term of the formj tAt enters
the Lagrangian putting in risk the Go¨del-type character of
our spacetime.

However, the consideration of a constant, magnetic fi
along thez-axis does not complete the picture of a charg
rotating universe. There are additional components of
electromagnetic field which are highly probable to exist a
should be accommodated in our theory. For example, i
rotating universe, there might be a steady distribution
electric or magnetic monopoles along thez-axis, thus, creat-
ing a radial electric or magnetic field, respectively. We st
with the introduction of a radial electric field: the condition
~4.6! for the existence of a Go¨del-type universe are fulfilled
and the fundamental relation~5.1! is recovered, if the electric
field and the coupling functionf 3 satisfy the following rela-
tions:

Ftr5
Fwr

C~r !
5

m0i

C2~r !
, f 352

C2~r !

4
, ~5.3!

respectively. The substitution of the combination ofFwr and
Ftr into Maxwell’s equations~A27!–~A30! leads to the
elimination of the charge-current densityj w, while preserv-
ing the existence of the divergent electric-charge currenr
and the corresponding source-termj tAt in the Lagrangian.

As a last resort, we include in the theory a radial magne
field Fzw . By following a similar procedure, a Go¨del-type
universe does indeed arise if we assume, apart from the
lations ~5.3!, that Fzw5D(r )Ftr . When the three compo
nents Fwr , Ftr , and Fzw are substituted into Maxwell’s
equations, we see that the above combination of the com
nents of the electromagnetic field satisfies the source-
Maxwell’s equations and that the ill-behaved electric-cha
densityr is eliminated once we assume thatf 45 f 3 . Actu-
ally, the above combination of electromagnetic compone
is a Rebouc¸as-dual-type solution which in the minima
coupling case satisfied the source-free equations as we
the present case, we demanded a constant, magnetic
along thez-axis and, subsequently, a radial electric and m
netic field according to the expected distribution of charg
and currents in a rotating universe. Then, the introduction
space-dependent coupling functions ensured the existenc
a Gödel-type rotating universe.

Although the magnetic field takes on a constant value
we assumed motivated by the corresponding behavior o
magnetic field in Minkowski spacetime, the other two com
ponents adopt a different behavior. For a linear, cons
distribution of electric or magnetic charges, in Minkows
spacetime, we anticipate to find a radial electric or magn
field decreasing with the radial distance from the orig
However, in a Go¨del-type spacetime, the electric field b
haves asEr;1/r 2 near the origin while decreasing expone
tially at infinity. On the other hand, the radial magnetic fie
scales asBr;1/r near the origin, as expected, but assume
9-7
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constant value at infinity which leads to an infinite to
amount of magnetic charge. At the end of the day, the c
responding magnetic-charge density associated withBr can-
cels out the divergent electric-charge densityr leaving the
three electromagnetic components to satisfy the source
Maxwell’s equations.

Finally, let us add here that the fundamental relation~5.1!
leads again to 4V2.m2 and to the existence of closed tim
like curves according to Eq.~3.9!. It seems that the introduc
tion of an electromagnetic field, coupling minimally or no
minimally to gravity and being induced by an electric
magnetic charge or electric current, always results in
breakdown of causality in a Go¨del-type universe. The ac
commodation of multiple, minimally-coupled to gravity, sc
lar fields of the form~4.19!, although compatible with the
above picture, cannot lead to the restoration of causality
our Gödel-type universe.

VI. EM AND SCALAR FIELDS: STRING COUPLING

In this section, we assume the presence of an electrom
netic and scalar fields minimally-coupled to gravity but w
a non-trivial interaction between them. Thus, we assume
the coupling functionsf 3 and f 4 are field-dependent~2.5! in
agreement with the one-loop corrected superstring effec
theory. For simplicity, we are going to consider the ca
where only the dilatonf and axiona fields are present in the
theory and ignore the moduli fieldsb and s. More specifi-
cally, we consider the following action functional:

Se f f5E d4xA2gH R

2
2L1

1

4
~]mf!21

1

4
e22f~]ma!2

2
a8ef

8g2 FmnFmn2
a8a

8g2 FF̃J . ~6.1!

The possible configurations of the electromagnetic fi
capable of leading to Go¨del-type cosmological solutions, i
the minimal-coupling case, were studied in Sec. IV. Here,
will attempt to generalize thoseAnsätze in the case of field-
dependent coupling functions in such a way as to ensure
existence of a Go¨del-type universe. We anticipate that th
dependence of the coupling functions on the scalar fields
be appropriately absorbed in theAnsätzefor the electromag-
netic components as well as in the expressions of the ele
j m and magnetickm four-currents. However, the couplin
between the electromagnetic and scalar fields may result
spacetime dependence for the fieldsf anda different from
the one found in Sec. IV. We may, thus, write the expr
sions for the scalar fields in the following way:

f~r ,z!5f (0)~z!1a8f̃~r ,z!, a~r ,z!5a(0)1a8ã~r ,z!,

~6.2!

wheref (0) anda(0) are the zero-order solution for the scal
fields which follow if we seta850 and which are given by
Eq. ~3.17!. Since, in the above Lagrangian, we have cons
ered only terms up toO(a8) in the Regge slope, we mus
ignore all terms in the equations of motion that are
O(a82) or higher. As a result, the coupling functionsf 3 and
10351
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f 4 which are already ofO(a8) will contain only the zero-
order expression for the scalar fields and have the form

f 352
a8ef01f1z

8g2 , f 452
a8a0

8g2 . ~6.3!

We start with the Som-Raychaudhuri generalizedAnsatz
for a magnetic field which can be written as

Fwr~r ,z!5Qe2f/2D~r !. ~6.4!

If we allow the above magnetic field to satisfy the gener
ized Maxwell’s equations~4.10!, we are led to the determi
nation of the corresponding electric and magnetic-cha
density necessary to support this magnetic field. They
given by

r5
a8V

4g2 Qef/2, h5
a8f1

16g2 Qe2f/2, ~6.5!

where, now, from Eq.~3.18!, f1
25m2 and where we have se

a051 for simplicity. The more complex Rebouc¸as Ansatz
now takes the form

Ftz5Qe2f/2 sin~2Vz!, Fwz5C~r !Ftz ,

Fwr52Qe2f/2D~r !cos~2Vz!, ~6.6!

and the corresponding electric and magnetic-charge den
are found to be

r5
a8f1

16g2 Qef/2 sin~2Vz!, h52
a8f1

16g2 Qe2f/2cos~2Vz!.

~6.7!

The ‘‘dual’’ forms of the aboveAnsätze demand a rather
complex distribution of electric and magnetic charges a
currents. Namely, for the Som-Raychaudhuri-dualAnsatz

Fzw5Qe2f/2D~r !, ~6.8!

we obtain

r52
a8f1

16g2 Qef/2
C

D
, h52

a8

8g2 Qe2f/2
D8

D
, ~6.9!

j w5
a8f1

16g2 Q
ef/2

D
, kw50, ~6.10!

while, for the generalized Rebouc¸as-dualAnsatz

Ftr5
Q

&
e2f/2, Fwr5C~r !Ftr , Fwz52D~r !Ftr ,

~6.11!

we are led to the expressions

r5
a8Qef/2

8&g2 S D8

D
2

f1C

2D D , ~6.12!
9-8
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h52
a8Qe2f/2

8&g2 S D8

D
2

f1C

2D D ,

j w5
a8f1Q

16&g2

ef/2

D
, kw52

a8f1Q

16&g2

e2f/2

D
. ~6.13!

Finally, and in order to complete the picture, we reconsi
theAnsätze~4.14! and~4.16!, which in the minimal-coupling
case were ruled out. In its appropriately generalized fo
the Ansatz~4.14! reads

Ftr5Qe2f/2, Fwr5C~r !Ftr , ~6.14!

leading to the results

r5
a8

8g2 Qef/2
D8

D
, h5

a8f1

16g2 Qe2f/2
C

D
, ~6.15!

j w50, kw52
a8f1

16g2 Q
e2f/2

D
, ~6.16!

while, for its ‘‘dual’’ Ansatz

Ftz5Qe2f/2, Fwz5C~r !Ftz , ~6.17!

we obtain

r5
a8f1

16g2 Qef/2, h5
a8V

4g2 Qe2f/2. ~6.18!

In this form, with the electric and magnetic densities
charges and currents explicitly written, we may easily det
the actual electric-magnetic duality relationsthat hold be-
tween some of theAnsätze and connectFmn with F̃mn

5 1
2 hmnrsFrs . The Som-RaychaudhuriAnsatz~6.4! and the

Ansatz~6.17! are connected by the duality transformation

F→2F̃, j m→km, km→2 j m, f→2f, ~6.19!

and the same holds for the Som-Raychaudhuri-dualAnsatz
~6.8! and theAnsatz~6.14!. The dilaton participates in the
duality transformations due to the non-trivial coupling b
tween this field and the electromagnetic one. The same
ality but without the participation of the dilaton field wa
also valid in the minimal-coupling case studied in Sec.
This duality is always valid in the source-free case, bre
down when the electric four-currentj m is included in the
theory and is restored only after the introduction of the m
netic four-currentkm @20#.

All of the above generalizedAnsätze for the electromag-
netic field respect the conditions~4.6! and, in principle, lead
to a Gödel-type rotating universe of the form~3.8!. However,
in almost all of the cases, a non-trivial source-term (j m

1km)Am enters the Lagrangian and subsequently the E
stein’s equations destroying eventually the Go¨del-type solu-
tion for the spacetime. In the case of the Som-Raychaudh
dual Ansatz~6.8!, we found the non-vanishing source-ter
j wAw to be a constant. Such a source-term could be abso
in the cosmological constant of the theory leading once ag
10351
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to a Gödel-type universe. However, it turns out that the co
bination of the source-term and the kinetic termFmnFmn van-
ishes identically which leads us to the results of Sec. III
an uncharged Go¨del-type universe.

The onlyAnsatz, for which this source-term is identically
zero, is the generalized Som-RaychaudhuriAnsatz~6.4!. As
a result, this is the only acceptable solution for the elect
magnetic field since it leaves unchanged the Einstein’s eq
tions while satisfies the source-full Maxwell’s equations
the same time. On the other hand, the required distributio
electric and magnetic charges is finite and homogeneou
radial space and, thus, more physically favored with the c
responding current densities being identically zero. For t
solution, the constraint~4.2! leads to the following relation
of the fundamental parameters of the theory:

4V22m25
a8

2g2 Q2. ~6.20!

We observe that the introduction of a non-trivial interacti
between the scalar fields of the theory and the electrom
netic field does not restore the causality of the axial
symmetric spacetime since the above relation results, o
again, in the appearance of closed timelike curves.

Finally, we need to determine the solution for the sca
fields f and a in the presence of thea8-order electromag-
netic field. For the only acceptable configuration, i.e. t
Som-Raychaudhuri generalizedAnsatz~6.4! for a magnetic
field along thez-axis, Eqs.~A23!, ~4.4!, and ~4.5! take the
form

] rf]zf1e22f] ra]za50, ~6.21!

~] rf!21e22f~] ra!250, ~6.22!

~]zf!21e22f~]za!254V2. ~6.23!

By taking into account expressions~6.2!, we conclude that
each of the above terms involving derivatives of the ax
field a as well as the term (] rf)2 are of O(a82) and they
should be ignored. Then, Eq.~6.22! is trivially satisfied,
while Eq.~6.21! leads once again to the independence of
dilaton field of the radial coordinater . Equation~6.23! re-
veals the fact that the dilaton field is linearly dependent
the coordinatez leading to the result

f~z!5f01f1zS 11
a8Q2

4g2mD . ~6.24!

Since Einstein’s equations can give us no information
the form of the axion field, we turn to the correspondi
equation of motion~2.8!. The combinationFF̃ which acts as
a source-term in the axion equation of motion is identica
zero for theAnsatz~6.4! and, thus, we obtain

e22(f01f1z)
]

]r FD~r !
]ã~r ,z!

]r G
1D~r !

]

]z Fe22(f01f1z)
]ã~r ,z!

]z G50. ~6.25!
9-9
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By applying the method of separation of variables, the so
tion for the axion field takes the form

a~r ,z!5a01a8A0 cosh~mr!cos~mz!, ~6.26!

whereA0 is an arbitrary constant and where the reality of t
axion field has been demanded.

It is worth noting that the existence of a Go¨del-type rotat-
ing universe, in the presence of interacting scalar and e
tromagnetic fields, is incompatible with a universe emp
from electric and magnetic charges and currents. For
stance, if we demand that the Som-RaychaudhuriAnsatz
~6.4! satisfies the source-free Maxwell’s equations, we
led to the resultC50 and

D~r !5
1

m
sin~mr ! with 2L[m25

a8

2g2 Q2.

~6.27!

Then, the line-element of the spacetime assumes
spherically-symmetric form

ds25dt22dr22dz22
sin2~mr !

m2 dw2 ~6.28!

with the metric componentgww52D2(r ) being always
negative and, thus, excluding the presence of closed time
curves. Near the originD(r );r and the above line-elemen
resembles the Minkowski one. Finally, from Eqs.~4.4! and
~4.5! we find that the only acceptable solution for the sca
fields is f5f05const anda5a05const leading to their
decoupling from the theory. The presence or not of
source terms in Maxwell’s equations affects the form of
metric functionC(r ) and thus the structure of the spacetim
while in the source-free case, the system of equations acc
only spherically-symmetric line-elements with no CTC’s a
a positive cosmological constant, in the source-full ca
axially-symmetric Go¨del-type solutions, that are characte
ized by a negative cosmological constant and the presenc
CTC’s, arise. Moreover, in the former case, the scalar fie
are decoupled from the gravito-magnetic system, while
the latter case, a first-order, ina8, solution for the scalar
fields was found that completes the zero-order solution fo
in Sec. III.

Let us, finally, note that, in the neutral case studied in S
III, the negative sign of the cosmological constant was d
tated by the relationC82522LD2 and the reality of the
metric functions. In all the charged cases, however, con
ered in this article, there was no constraint on the sign ofL.
Due to the fact that the original Go¨del solutions were derived
for a negative cosmological constant, we choseL to have a
negative sign in these cases, too. We would like to stress
Gödel-type solutions arise also for a positive cosmologi
constant. In this case, the conditions~4.6! take the form

D9

D
5const522L52m2,

C8

D
5const52V,

~6.29!
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and are still satisfied by all the configurations of the elect
magnetic field considered in Secs. IV, V, and VI. Howev
the solution for the spacetime line-element, now, has
form

ds25Fdt1
4V

m2 sin2S mr

2 DdwG2

2dr22dz22
sin2~mr !

m2 dw2

~6.30!

and the relations~4.21!, ~5.1!, and~6.20! between the funda-
mental parameters of the theory are modified withm2 being
replaced by2m2. The gww component of the Go¨del metric
~6.30! is given by

gww52
4

m2 sin2S mr

2 D F12S 11
4V2

m2 D sin2S mr

2 D G ,
~6.31!

and it is easy to see that the sign of the expression inside
brackets changes from positive to negative and vice vers
a harmonic way giving rise to successive causal and aca
regions in spacetime. This behavior was originally found
the case of a minimally-coupled to gravity, electromagne
field @5# and, subsequently, in the framework of other the
ries as well@18#.

VII. CONCLUSIONS

In this paper, we have addressed the question of the e
tence of axially symmetric Go¨del-type solutions in the
framework of gravitational theories formulated in a wa
similar to the one-loop superstring effective theory. The
corporation of minimally-coupled to gravity scalar fields
well as a non-vanishing electromagnetic field, either mi
mally or non-minimally coupled to gravity, was proved to b
consistent with the concept of Go¨del-type rotating universes
The coupling functions of the electromagnetic field were
sumed to be zero, constant, space-dependent or fi
dependent with various consequences each time on the s
ture of spacetime and the solution for the scalar fields.

In the absence of an electromagnetic field, the system
the four scalar fields of the superstring effective theory,
minimally-coupled to gravity, was studied in an axially
symmetric background. Assuming also a vanishing cosm
logical constant, the above system inevitably leads to
spherically-symmetric spacetime background and to the
coupling of the scalar fields from the theory. Once a no
vanishing, negative value for the cosmological constan
assumed, an axially-symmetric solution for the spacetime
a Gödel type does arise with the scalar fields either depe
ing linearly on thez coordinate or adopting a constant valu
The resulting solution for the spacetime is an ‘‘extrem
Gödel-type universe with the fundamental parameters of
theory satisfying the relation: 4V25m2. It is exactly this
relation that ensures the non-existence of closed time
curves and the non-violation of causality in our Go¨del-type
universe. However, as it is known in the literature, th
spacetime solution is ‘‘on the verge’’ of displaying th
breakdown of causality which is realized when 4V2 be-
comes even slightly larger thanm2. The introduction of mul-
9-10
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tiple, minimally-coupled to gravity, scalar fields is straigh
forward leaving the solution for the spacetime unchange

Next, we studied the charged case, and the correspon
equations of motion were re-written in a convenient w
which allowed us to determine first the solution for the m
ric functions in terms of the electromagneticAnsatzconsid-
ered each time and subsequently the solution for the sc
fields. We started with the case of minimally-coupled ele
tromagnetic and scalar fields assuming constant values
the two coupling functions f 3 and f 4 . The gravito-
electromagnetic system was examined thoroughly, in
presence of a negative cosmological constant, and apart
the two solutions already known in the literature, the So
Raychaudhuri solution and the Rebouc¸as solution, two new
configurations were determined. They follow from the afo
mentioned solutions once one interchanges the indicesr and
z in the non-vanishing components of the electromagn
field. The invariance of the equations of motion under t
interchange results in the fulfillment of the Go¨del conditions
by these newAnsätzeas well. As a result, a Go¨del-type ro-
tating universe emerges but, now, the relation between
fundamental parameters of the theory has become 4V2

.m2. This means that closed timelike curves appear fo
certain range of the radial coordinate and the causality
violated. The introduction of the electromagnetic field h
evidently destroyed the fragile balance between the viola
and the conservation of causality that characterized the
tral case. On the other hand, the scalar fields assume a
similar to the one found in the neutral case due to the
sence of any interaction with the electromagnetic field.

The more physically favoredAnsatzof a constant mag-
netic field along the rotation axis and a radial electric a
magnetic component was studied next. This specificAnsatz
follows from the anticipated distribution of magnetic an
electric charges and currents in a rotating universe: po
charges that create current loops around the rotation axis
a static distribution of electric and magnetic monopo
along the same axis. For such a configuration, the Go¨del
conditions are again fulfilled and the Maxwell’s equatio
are satisfied as long as we assume that both of the coup
functions f 3 and f 4 have the same dependence on the ra
coordinate. Then, a Go¨del-type solution for the spacetim
does arise which is again characterized by the violation
causality and the appearance of closed timelike curves.
incorporation of minimally-coupled scalar fields althou
straightforward and compatible with the above results can
restore the causality in the universe.

Finally, the coupling functionsf 3 and f 4 were assumed to
have the field-dependent form of the superstring effec
theory. In this case, there is a non-trivial coupling betwe
the scalar fields of the theory and the electromagnetic fi
The possible configurations of the electromagnetic field t
could lead to a Go¨del-type rotating universe were re
examined. Several such configurations were found but o
one of them, the generalized Som-Raychaudhuri ansatz
magnetic field along the rotation axis, managed to satisfy
Gödel conditions and the corresponding source-full Ma
well’s equations at the same time. Once again, the rela
4V2.m2, that holds in this case too, leads to the appeara
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of closed timelike curves. The non-trivial coupling betwe
the scalar fields and the electromagnetic field, although
able to restore the causality, leads to different results for
scalar fields and especially for the axion fielda. While the
dilaton field depends only linearly on thez-coordinate as in
the previous cases, the axion field abandons the cons
value adopted so far and assumes a form which stron
depends on bothr andz coordinates.

In conclusion, a charged, string-inspired, gravitation
theory of scalar and electromagnetic fields of the form c
sidered in this article always accepts axially-symmet
Gödel-type solutions in the presence of a non-vanishi
negative cosmological constant. Go¨del-type solutions arise
also in the charged case with a positive cosmological c
stant, however, they are shown to lead to successive ca
and acausal regions in spacetime. Only in the neutral c
where we ignore the electromagnetic field, are we able
ensure the non-violation of causality in the universe in agr
ment with previous results by Barrow and Dabrowski@18#.
Once the electromagnetic field is introduced, the emerge
of the Gödel-type solution is always accompanied by t
appearance of closed timelike curves and the violation
causality. However, the realization of the causally-ill Go¨del
solutions in the universe should be impeded by physical r
sons. The uniformity of the cosmic microwave backgrou
radiation, as dictated by theCOBE data, leads to the conclu
sion that the rate of the rigid rotation of our universe,
existent at all, should be extremely small. On the other ha
there is only weak indication for a global charge in the u
verse with the bulk of astrophysical objects being neutral.
a result, it is highly improbable that our universe wou
adopt the geometry of a Go¨del cosmological solution, thus
excluding the possibility of the appearance of closed timel
curves and the violation of causality. Finally, an interesti
question that still remains open is what is the effect of
higher-order perturbative terms ina8 on the causal patholo
gies of the Go¨del-type solutions derived in the framework o
the superstring effective action. It is rather plausible that
presence of these terms, even if it is not capable of resolv
the appearance of CTC’s, would render the stringy Go¨del-
type solutions unstable, thus, depriving them from any phy
cal significance.
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APPENDIX: USEFUL FORMULAS AND EQUATIONS

For the axially-symmetricAnsatz~2.6! for the metric ten-
sor of the universe, we find the following results for th
non-vanishing components of the fully covariant curvatu
tensorRmnrs :
9-11
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Rtrtr 5
C82

4D2 , Rtrtw5
CC82

4D2 , ~A1!

Rtrr w52
C9

2
2

CC82

4D2 1
C8D8

2D
, Rtwtw5

C82

4
,

~A2!

Rrwrw5CC92DD91
3

4
C821

CC82

4D2 2
CC8D8

D
,

~A3!

the Ricci tensorRmn

Rtt52
C82

2D2 , Rrr 5
D9

D
2

C82

2D2 , ~A4!

Rww52CC91DD92
C82

2
2

C2C82

2D2

1
CC8D8

D
, ~A5!

Rtw52
C9

2
2

C8

2D2 ~CC82DD8!, ~A6!
10351
and the scalar curvatureR

R52
2D9

D
1

C82

2D2 , ~A7!

respectively. By using the above expressions, the n
vanishing components of the Einstein tensorGmn are the
following:

Gtt52
3

4

C82

D2 1
D9

D
, Grr 52

C82

4D2 , ~A8!

Gww52CC91
C2D9

D
2

C82

4
2

3C2C82

4D2

1
CC8D8

D
, ~A9!

Gzz5
C82

4D2 2
D9

D
, ~A10!

Gtw52
C9

2
1

CD9

D
2

3CC82

4D2 1
C8D8

2D
.

~A11!
If we assume that, due to the symmetry of the line-element of the spacetime, the scalar fields depend only onr andz, the
corresponding components of the energy-momentum tensorTmn

s take the form

Ttt
s 5

1

4
$~] rf!21~]zf!21e22f@~] ra!21~]za!2#13@~] rs!21~]zs!2#13e22s@~] rb!21~]zb!2#%, ~A12!

Trz
s 5

1

2
$] rf]zf1e22f] ra]za13] rs]zs13e22s] rb]zb%, ~A13!

Trr
s 5

1

4
$~] rf!22~]zf!21e22f@~] ra!22~]za!2#13@~] rs!22~]zs!2#13e22s@~] rb!22~]zb!2#%,

~A14!

Tzz
s 52Trr

s , Tww
s 5~C22D2!Ttt

s , Ttw
s 5CTtt

s . ~A15!

In the presence of a non-vanishing electromagnetic field, the Einstein’s equations take the form

2
3

4

C82

D2 1
D9

D
1L14 f 3S grr Ftr

2 1gzzFtz
2 1gwwFtw

2 2
F2

4 D52Ttt
s , ~A16!

2
C82

4D2 2L14 f 3S gttFtr
2 1gzzFrz

2 1gwwFrw
2 12gtwFtrFwr1

F2

4 D52Trr
s , ~A17!

C82

4D2 2
D9

D
2L14 f 3S gttFzt

2 1grr Fzr
2 1gwwFzw

2 12gtwFztFzw1
F2

4 D52Tzz
s , ~A18!

2CC91
C2D9

D
2

C82

4
2

3C2C82

4D2 1
CC8D8

D
1L~C22D2!14 f 3FgttFwt

2 1grr Fwr
2 1gzzFwz

2 2
F2

4
~C22D2!G52Tww

s ,

~A19!

2
C9

2
1

CD9

D
2

3CC82

4D2 1
C8D8

2D
1LC14 f 3S grr FtrFwr1gzzFtzFwz2gtwFtw

2 2
F2

4
CD52Twt

s , ~A20!
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GÖDEL-TYPE UNIVERSES IN STRING-INSPIRED . . . PHYSICAL REVIEW D60 103519
gzzFtzFrz1gwwFtwFrw1gtwFtwFrt50, ~A21!

grr FtrFzr1gwwFtwFzw1gtwFtwFzt50, ~A22!

4 f 3@gttFrtFzt1gwwFrwFzw1gtw~FrtFzw1FztFrw!#52Trz
s ,

~A23!

gttFrtFwt1gzzFrzFwz1gtwFrwFwt50, ~A24!

gttFztFwt1grr FzrFwr1gtwFzwFwt50, ~A25!

whereF25FmnFmn is given by

F252$gtt~2Ftr
2 2Ftz

2 1gwwFtw
2 !1Frz

2 2gww~Frw
2 1Fzw

2 !

2~gtwFtw!222gtw~FtrFwr1FtzFwz!%, ~A26!

andTmn
s denotes the energy-momentum tensor of the sc

fields given above.
In the charged case, the components of Einstein’s eq

tions are supplemented by a set of four additional equatio
n-

-
,

on

. D

10351
ar

a-
s,

the Maxwell’s equations, that come from the equation
motion of the electromagnetic field~2.12! and have the form

] r H f 3

D
@~D22C2!Frt1CFrw#J 1] r~ f 4Fzw!1

1

D
]z

3$ f 3@~D22C2!Fzt1CFzw#%2]z~ f 4Frw!50, ~A27!

D]z~ f 3Fzr!2]z~ f 4Ftw!50, ~A28!

] r~D f 3Frz!1] r~ f 4Ftw!50, ~A29!

] r H f 3

D
~Frw2CFrt !J 1

1

D
]z$ f 3~Fzw2CFzt!%2] r~ f 4Ftz!

1]z~ f 4Ftr !50. ~A30!

As a result, any solution for the metric functionsC(r ) and
D(r ) and the various components of the electromagn
field has to satisfy also the above four equations.
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