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We consider a string-inspired, gravitational theory of scalar and electromagnetic fields and we investigate
the existence of axially symmetric, @el-type cosmological solutions. The neutral case is studied first and an
“extreme” Godel-type rotating solution, which respects the causality, is determined. The charged case is
considered next and two new configurations, minimally coupled to gravity, are presented, for the electromag-
netic field. Another configuration motivated by the expected distribution of currents and charges in a rotating
universe is studied and shown to lead to ad€letype solution for a space-dependent coupling function.
Finally, we investigate the existence of @-type cosmological solutions in the framework of the one-loop
corrected superstring effective action and we determine the sole configuration of the electromagnetic field that
leads to such a solution. It turns out that, in all the charged cases considered, closed timelike curves do appear
and the causality is always violatd$0556-282(99)06920-9

PACS numbgs): 98.80.Hw, 04.50t+h, 11.25.Mj, 98.80.Cq

I. INTRODUCTION theory of heterotic superstrings at low energies provides us
with a gravitational theory from which Einstein’s theory of
Einstein’s theory of relativity has been exhaustively stud-gravitation automatically emerges when one ignores all
ied for many decades and a plethora of solutions, both mathiigher-loop stringy corrections and assigns constant values
ematically and physically interesting, have been determinedo the scalar fields of the theory. On the other hand, when
One of the most fascinating cosmological solutions thaibne takes into account these extra terms, a generalized theory
emerged from Einstein’s equations was thel€letype rotat-  of gravity arises which leads to important modifications
ing universe[1]. The feature that was most appealing andwhen compared to the theory of general relativity. The ques-
intensely attracted the interest of scientists to these cosmaon of what happens to the causal pathologies of thdeGo
logical models was the fact that they admit closed timeliketype cosmological solutions when one introduces stringy cor-
curves. This leads to the violation of causality in the universeaections to Einstein’s theory of gravity inevitably arises. It is,
[2] and to the possibility of time travel into our past or future then, necessary to investigate the existence ofiebtype
[3]. solutions and the appearance or not of closed timelike curves
Since their discovery in 1949, several versions and modiin the framework of the superstring effective theory. Barrow
fications of the Gdel cosmological solutions have been con-and Dabrowskj18] tried to answer this question and studied
sidered. Apart from the perfect fluid that gave rise to thethe one-loop corrected superstring effective theory in the
original Galel solutions, extra fields, i.e. vectp$,5,6], sca-  string frame(and the lowest order in the Einstein franisy
lar [7], spinor[8] (and their combination$9,10,11) and  considering a non-zero dilaton and axion field. They found
even tachyon fieldgl2], were gradually introduced. Higher- that, in the context of this specific theory, @ universes do
derivative gravitational terms were also considered in an atnot contain closed timelike curves and the causality need not
tempt to introduce quantum corrections to Einstein’s theorybe violated. Here, we will try to extend their work and study
of gravity [13]. Recently, geometrical aspects of dgbtype  the full one-loop superstring effective theory in the Einstein
solutions have also been studied, either determining soluframe. We will consider all four scalar fields, as well as
tions that could be interpreted as the exterior 6ti€icspace- higher-derivative gravitational and electromagnetic terms.
times[14] or connecting the 31 Gadel geometry with a However, our analysis will be greatly simplified by the fact
2+1 anti—de Sitter subspa¢#5]. Five-dimensional models that all higher-derivative gravitational terms identically van-
that admit generalized @el-type solutions have also been ish for a Galel spacetime.
constructed 16] and the same type of solutions was proved The structure of this article is as follows: in Sec. I, we
to arise also in Riemann-Cartan spacetimes with non-zerpresent the action functional of the theory and derive the
torsion[17]. corresponding equations of motion in an axially symmetric
As is well known, superstring theory is the most plausiblespacetime background. In Sec. Ill, we study the neutral case
theory nowadays for the unification of all forces and thewhere scalar fields minimally coupled to gravity give rise to
formulation of a quantum theory of gravity. The effective Godel-type cosmological solutions. The charged case is con-
sidered in Sec. IV and the equations of motion are conve-
niently formulated. In the same section, we deal with the
*Email address: yiota@physics.umn.edu problem of the simultaneous existence of an electromagnetic
"Email address: cevayona@cc.uoi.gr and scalar fields all minimally-coupled to gravity. All the
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possible configurations for the electromagnetic componentthe coupling functiong$; are zero, constant, space-dependent
that lead to Gdel-type rotating universes are determined andor field-dependent according to the type of gravitational
the solution for the scalar fields is presented. In Sec. V, théheory considered each time.

physically favored case of a constant magnetic field along We assume that the universe is described by the following
the rotation axis together with a radial electric and magneti@xially-symmetric line-element

component is studied and proved to be compatible with an

axially-symmetric universe only in the case of a space- ds’=[dt+C(r)de]?—dr’—dz>—D?(r)d¢?

dependent coupling function. The non-trivial interaction be- ) 5 5 oy 2

tween the electromagnetic and the scalar fields in the frame- =dt?—dr?—dz’—(D?-C?)de’+2C(r)dt de.

work of the one-loop corrected, superstring, effective theory (2.6)

is the basic feature of the gravitational theory considered in

Sec. VI. There, the possible__configurations of the electroBy making use of the non-vanishing components of the cur-
magnetic field that lead to @el-type universes are re- vature tensor,,,,, of the Ricci tensoR,,, and the scalar
examined and the solution for the scalar fields is determinecsurvatureR, which are given in the Appendlx it is easy to
Section VIl is devoted to the conclusions derived from oursee that both of the higher-derivative gravitational terms
analysis while some useful formulas and equations are d|st and R vanish

identically. Then, the variation of the
played in the Appendix at the end of the paper. y

act|0n functional of the theory with respect to the scalar
fields, the metric tensor, and the electromagnetic potential
Il. ACTION FUNCTIONAL AND EQUATIONS OF MOTION leads to the following set of equations of motion:

OF THE THEORY

; ; P ; of3
We consider the following, string-inspired, generalized (9 ’_(?“ —_e 20 (0,2 2,078 FMVF
theory of gravity which describes the coupling of four scalar N ol ¢] ) d¢
fields and the electromagnetic field to gravity: (2.7
eff—j d*xy— ((7#¢ + 1e_2¢(r9 a)? L[y [ /_ge—2¢(9#a]:2&_f4|:'|‘i (2.9
V=9 K Ja ’ ’

3 2 3 —20 2 2 "'
+ 3 (0,002 7e727(3,0) 2+ 1R &+ F,RR

2 o9fy
N 2, =go o)1= —e 2(3,b)?+ 5 - "F*F,,
+EFAVF, +F4FF | 2.1
3 mv 4 ] ( ) 2 (9f4 5
In the aboveg is the dilaton,a andb are the axions, anad
is the modulus field. The gravitational and electromagnetic 5 a1
guantities that appear in the above expression are defined asl s~ [\/_e 2"o7f‘b]— 5 %FWFWJF 5 (9_4':"5’
RE&e=R, R ~4R, R+ R?, (2.2 (2.10
RR= nMVPlTRK)\ Rogins (2.3 1 ” 1 -
BV SpaKh R#V—Eg#VR+4f3 F,. FW—ZngP F
FF=9""""F ,,F ;. (2.4) 1 1 e 26
== 5(0u)(0,0) + 70,(9,8)°~ ——(9,)(9,a)
In the framework of the one-loop corrected, effective
theory of heterotic superstrings at low energies the coupling 1 20 , 3 3 5
functionsf; have the form +79w8 “(9,8)° = 5(0,0)(9,0)+ 79,,(3,0)
’ e¢ i a —20 3 —20 2
e A 1 1 -
fa=a _8_92+A . fi=a —8—gz+® , (2.5 —__gaﬂ[\/—_gst“”]Jr—__g&ﬂ[\/—_guF””]:O,

(2.12

wherea’ is the inverse string tension and the functidn®,

A, and® depend only on the scalar fieldsando. However,  where we have assumed that the functibnsndf, depend
during the following sections, we are going to assume thabn spacetime either directly of through their dependence on
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the scalar fields. In the latter case, there is a non-trivial cou- D”
pling between the scalar fields of the theory and the electro- D 2A. (3.5
magnetic field.

The combination of the above relation with the second one

ll. THE NEUTRAL CASE of Eg. (3.2 leads toC’'?=—2AD? which means that the
dcosmological constant must be always negative in order to
ensure the reality of the functior®@ andD. If we demand
TS where TS is the enerav-momentum tensor of the that, in the limitr—0, both of the functionsC and D?

ny v cnergy -~ —C2 must vanish, the general solution of the syst@i®)—
scalar fields. The non-vanishing components of both the Ein
. X i %3.5) takes the form
stein and the energy-momentum tensor are also given in th
Appendix. We notice that simple relations hold between the

) 1
various components df;,,, namely D(r)= Esinr(mr), (3.6)

In this section, we ignore the electromagnetic field an
concentrate our attention on Einstein’s equatio@s,,=

T5=-Ty., T.,=(C*-D)Ty, T;,=CTj.

1
3. C(r) =~ [cosimr)— 1]
By making use of the above relations, we can determine the
solution for the metric function€ andD in the presence of _ E ; mr
: . . _ sink? , 3.7
multiple scalar fields in the theory. Rearranging thig @nd 2
(te) components of the Einstein’s equations as well as the
(tt) and(e¢) components, we find the constraints wherem?= —2A. The above solution for the spacetime is a
Godel-type solution which is defined §%,10]

C"= c'D’ C72_DDH (3 2) 2
D ds?=| dt+ ﬂsmr@(ﬂ)w} —dr?2—dZ
m 2
respectively, where the prime denotes derivative with respect inp?
to the radial coordinate. However, doing the same with the - sm—(zmr)d(PZ, (3.9
(rr) and 2 components, we are led to the reshit=0. m

Then, the general solution of the above systemDig)

=d;r+d, andC(r)=c,. If the line-element{2.6) is to de- Where agairm?=—2A and() is the rate of the rigid rotation
scribe a rotating universe with the functi@(r) being the of"the matter around the-axis. In the case of the original
analog of its angular momentum, then on haxis, thatisin ~ Godel universe, the matter is a perfect-fluid with an energy-
the limit r —0, both of the function€(r) andD?—C? must momentum tensor of the fornT,,=pV,V,, where V¥
vanish. This leads to;=d,=0 and the vanishing of thg;, = &% the fluid four-vector velocity ang the density of mat-
component of the metric tensor. Redefining the angular coter. Theg,, component of the Giel metric(3.8) has the
ordinate¢ in order to absorb the arbitrary constaht, the  form

line-element (2.6) reduces to that of a non-rotating,

spherically-symmetric universe. Finally, by rearranging the 2

4 mr 407\ mr
(tt) and (r) components of the Einstein's equations, we gW:—Wsmhz > /|11 sinf? o>
obtain the following relations: (3.9
(0, p)?+e 2%(9,a)%+3(d,0)*+3e ?7(4,b)*=0, and it is obvious that for @2>m?, theg,,, component may

3.3 become positive for a range of values of the radial coordinate
r leading to the existence of closed timelike cur¢€3C'’s).
(9,4)*+e 2%(9,2)*+3(3,0)?+3e ?7(d,0)?=0. The solutions found above, Eq$3.6),(3.7), constitute a
(3.4  Godel-type solution with 42=m?. It is, actually, a limiting
case of a Gdel-type universe that ensures the non-existence
According to the above constraints, each one of the derivaef closed timelike curves. The same type of solution was
tives of the scalar fields with respectrt@r z must vanish. In  found in the case of an electromagnetic field minimally
other words, the only acceptable solution for the scalar fieldgoupled to gravity{10] and in the framework of a higher-
is the trivial one:¢p= ¢, a=ay, o=0 andb=by where derivative gravitational theory13] and it was shown that
¢o, ag, oo andbg are arbitrary constants. this “extreme” Godel-type solution, although “on the
However, if we include in the theory the cosmological verge” of displaying the breakdown of causality, is free of
constantA, the Einstein tensoG,, should be replaced by any closed timelike curveld3,19.

G,,tAg,,. Inthis case, the constraint3.2) are still valid Next, we concentrate our attention on the scalar fields.
but, now, the rearrangement of ther] and (2 compo- Their dependence on the spatial coordinates is strongly re-
nents of the Einstein’s equations gives the result stricted by the constraint
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0, pa,p+e 2%9,ad,a+30,09,0+3e273,ba,b=0, the above analysis, it is easy to conclude that a theory with
(3.10  an arbitrary number of multiple scalar fields formulated in

the following way:
which follows from the (z) component of the Einstein’s

equations. We shall consider the most general case in which

N
all the scalar fields depend on theindz coordinates due to S= f d*x /—g[E—A+ > Ea "
the staticity and axial symmetry of the spacetime. The re- 2 =1\4
maining components of Einstein’s equations give the follow- 1
ing constraints: n Ze_z‘ﬁi&#aiﬁ”ai ] ’ (3.19
—2A=(9,4)*+(d,0)*+e ?’[(5,a)°+(5,2)°]
+3[(9,0)%+ (9,0)%]+3e 27[(9,b)%+ (9,b)?], always accepts axially-symmetric spacetime backgrounds of
the form(2.6) and Eqs(3.6),(3.7) with the scalar fields given
(3.1 by
—20=—(3:¢)°+(9,¢)*+ e [~ (9,2)*+(9,2)°] o A
r Z r ‘ bi=dot P12, a=ay, (3.20
+3[—(9,0)?+(9,0)%]
+3e 29[ —(4,b)?+(d,b)?]. (3.12 and with the constant$i1 satisfying the constraint
Rearranging the above expressions, we are led to the results N
oA = i\2
(9, ¢)%+e 2%(9,a)°+3(d,0)°+3e 27(9,b)>=0, (3.13 2A .21 (¢2)" (3.23
(9,0)%+ e 2%(9,a)%+3(d,0)%+3e 27(9,b)?=—2A.
(3.149 IV. EM AND SCALAR FIELDS: MINIMAL COUPLING

The former constraint is satisfied only if we assume that the Next, we assume that an electromagnetic field, in the form
scalar fields do not depend on the radial coordinate. In thisf F , F#” and FF, is included in the theory with coupling
case, the supplementary constrai8t10 is automatically functions f; and f,, respectively. In this case, Einstein's
satisfied. The latter constraint leads to the following depenequations are supplemented by Maxwell’'s equations that

dence of the scalar fields on the coordinate come from the equation of motion of the electromagnetic
5 field (2.12. The exact form of both sets of equations are
$=ddot P12, a=agtae’, (3.19  (gisplayed in the Appendix. The relatiori3.1) between the

components oﬂ'fw still hold and may be used once again in
order to derive a number of constraints on the metric func-
tions C and D. Rearranging accordingly the pairs of equa-
cﬁons (A17), (A18), (A16), (A19), and(A16), (A20), we are

ed to the following constraints:

o=09t 0.2, b=by+b,e’, (3.16

where ¢;, a;, o; andb; are constants. If we substitute the
above expressions for the scalar fields in their equations
motion, we find some further constraints, namehja; =0
and o1b; =0, which means that not both of the paiis,o)
and (@,b) can have a non-trivial solution. If we choose to set
¢1=0,=0 in order to satisfy the above constraints, then the
second pair of scalar fieldsa(b) is inevitably led to the
trivial solution as well. If, on the other hand, we s&f A
=b;=0, the dilaton and modulus field can still preserve a cc’—DD”+C'2—
non-trivial form. As a result, the most interesting solution for

n

D
H+2A+4f3[|:,22+ FZ(g'9g'*—g'g#¥)]=0, (4.1)

+4fy[F2 +F2,—(C?-D?)

the scalar fields is the following: X(F2 +F2)]=0, .2
¢=dot+ 1z, a=a,, o=0p+o,zZ, b=by,
(3.17 c’ C'D’ ,
> "o +4f4[FyF o +F F,,—C(Fi+F)]=0.
where w3
—2A=¢%+3073. (3.18

Moreover, one could express the derivatives of the scalar
Similar results for the dilaton and axion fiel were fields with respect only ta or only to z in terms of the
found by Barrow and DabrowsKil8]. Here, we have also metric functions and the various components of the electro-
included the axion fielth and the modulus, that are present magnetic field. Adding or subtracting thet and ¢r) com-
in the low-energy effective string theory, and shown that theponents of the Einstein’s equations and by making use of the
solution for the metric remains unchanged. Moreover, fromabove constraint&4.1)—(4.3), we obtain the results
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(3, 4)2+ e 2%(9,2)2+ 3(d,0)2+3e~29(3,b)? field (A27)—(A30) are satisfied only if we assume the pres-
ence of a continuous electric-charge distribution with charge
density given byp = (Q/2)/4Q?—2m?. On the other hand,

z the Rebouyas solution assumes tiasatz

8f,
=8f3(FL,—F{)+ gz (Fa—Fi,— CF+2CF.F,,),

@4 Fu=Aosin202), F,,=C(r)Fy,
2 -2 2 2 —20 2
(9,0)?+e 2%(9,2)*+3(d,0)°+3e 27(d,b) For=—AoD(r)c0g202), 4.9
c'? 8f
=—5 +8f3(F4,+F2)+ —23 where Ag=40?—m?. The above ansatz also satisfies the
D D conditions(4.6) as well as the source-free Maxwell equations
X (F2,+F2,+C?F2—2CFF,,). 4.5  (A21)—(A30).

As Raychaudhuri and Guha Thakurta have pointed out in
The substitution of Eqs(A16)—(A20) by the constraints their work[6], there are more than omsatzor the form of
(4.1—(4.5) allows us to determine first the form of the metric the electromagnetic field that may lead to the samelebo
functionsC andD only in terms of the non-vanishing com- P& cosmological solution. In this section, we make a thor-

ponents of the electromagnetic field, through Egsl)—  ©Ough analysis of the possible configurations of the electro-
(4.3, and subsequently the solution for the scalar fieldsmagnetic field and present the remaining solutions. Since the
through Eqs(4.4),(4.5). first of the conditiong4.6) is easily satisfied by setting,,

We start the study of the charged case by first considering” Ft,=0, We concentrate our aftention on the constraints
the minimal coupling of the electromagnetic and scalar fieldd4-2.(4.3) looking for all the possible, non-trivial combina-
to the gravitational field. As a result, we are going to assumdions of the components of the electromagnetic field that re-
that both of the coupling functionf; andf, do not depend SPect the second condition. We notice that these constraints
on spacetime and sé4=f,= — 1/4. The necessary and suf- &€ characterized by a “duality,” i.e. they remain invariant

ficient conditions for the existence and space-time homogednder the interchange of the indicesandz in the compo-
neity, at the same time, of a @el-type axially-symmetric nents of the electromagnetic field. As a result, we are led to

universe are the followingL0]: consider the “dual” forms of the aforementioned solutions
(4.7 and (4.8. We start with the Som-Raychaudhuri-dual
D" cC’ solution and consider th&nsatz
o =const —2A=m?, o =const 2Q0. (4.6
B, =F,,=4Q?—m?D(r). 4.9

By studying Eq.(4.1), it is straightforward to see that the
first condition is satisfied if we assume thay=F;,=0, i.e.
if that both the electric and magnetic components along th

¢ direction vanish, an assumption easily accepted given th rced to introduce a source term in order to satisfy Max-

cylindrical symmetry of the problem. The second conditionwe”,s equations(A27)—(A30). However, in this case the

is satisfied if we assume tha.t th? combination of th.e COMPOs4rce term corresponds to a distribution of magnetic mono-
nents of the electromagnetic field that appears inside th

brackets in Eq(4.3) vanishes, too. Then, E¢4.2) provides Soles instead of electric. Following Dirac’s examfpkg], we

us with a relation between the different parameters of thdltroduce, apart from the electric four-currejrt=1{p,J}, a
theory. Note, that once these two conditiqds6) are satis- magnetic four-currerk”={7,k} and write Maxwell's equa-
fied, a Galel-type cosmological solution appears indepen-ions(2.12 in the more general form
dently of the existence or not of scalar fields in our theory.

Godel-type cosmological solutions, in the case of a mini- 1 v
mally coupled electromagnetic field but in the absence of fg5ﬂ[\/__g(f3FM 1 FE ] == (74 KE).
scalar fields, already exist in the literature: the Som- (4.10
Raychaudhuri solutiori4] and the Rebows solution[5].
The Som-Raychaudhuri ansatz for the electromagnetic fieldhen, the substitution of thénsatz(4.9) into the above
has the form equation leads to the determination of a magnetic charge

density equal to

It is easy to see that thi8nsatzsatisfies both of the con-
straints (4.6) leading to a Gdel-type solution of the form
3.8). As in the original Som-Raychaudhuri solution, we are

; 492_m2 rt r
F¢ (r,z)=—W, F (r,Z):C(r)Fq" __@D_’ (4 11)
(4.7) ” 4 > |

When written in terms of covariant components, the abovelrhe magnetic monopoles are spread all over the universe as
ansatz gives rise only to a magnetic field along thaxis:  their corresponding density vanishes at the origin while it
B,=Fu= J40Z—m?D(r). In this case, both of the condi- approaches a constant value at infinity.

tions (4.6) are satisfied giving rise to a @el-type solution Finally, the “dual” Ansatzof the Rebouyas solution(4.8)

for the spacetime while the equations for the electromagnetican be written in the form
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402—m2 sazefail to lead to a Gdel-type rotating universe and, thus,

Fo=—"——"—"—, Fua=C(NFy, F =D(r)Fy. they will not be considered any longer.
All of the above solutions for the spacetime and electro-

(4.12 magnetic field are compatible with the existence of scalar
As the original Rebouss solution, the above “dual” solu- field_s, minimally-coupled to gravity, in the theory. The con-
tion leads to a Gdel-type universg3.8) and satisfies the straints(4.4),(4.5) can, now, be written as
source-free Maxwell’s equations. As a matter of fact, the _ P
substitution of the abovgnsatzinto the generalized Max- (94)% e *%(9ra)* +3(9r0)+3e*7(9b)*

well’s equations(4.10 leads to non-vanishing expressions (F,,— CF)?
. . . . 2 ¢z tz
for the electric and magnetic-charge densities, i.e. =2|Fg+ — bz | (4.17)
40°—m Ja4QZ—m? _ _
pz—TD,, 17=TD', (4.13) (&z¢)2+e 24)((92&)2-}-3((920')24-36 20(‘9zb)2
=402 2 (F(pZ_CF’[Z)z
which, however, being exactly opposite, cancel each other. If =40°=2|Fy + - Dz (4.18

we setF,,=0, the solution for the spacetime remains un-
changed and, as a result, the following combinatiorF@f  For all the solutions found above, the right-hand side of the

andF, alone: above equations is a constant and, as a result, the dependence
S— of the scalar fields on the coordinateandz can be linearly
Fou=v4Q°—m,  F =C(r)Fy (4.14  at the most. When one considers the contribution of the elec-

, . , tromagnetic field in the right-hand side of E¢4.17),(4.18),
is an acceptable solution of Eqg.1)—(4.3) by itself. How- j; t;ms out that these solutions form two distinct groups: for
ever, the vanishing of the componeRt,, necessitates the o Som-Raychaudhuf#.7) and the Rebouas (4.8) Ansdze
introduction of a source-term into Maxwell’s equations. Theine contribution is identically zero wﬁile, for the Som-

corresponding electric-charge density that follows has th??aychaudhuri-dua(4.9) and the Rebows-dual(4.12 An-

form saze is not zero. This means that, for the first group, the
JAZ—2 D’ scalar fields depend Iinegrly only on the coordinatehile, _

p= i (4.15 for thg second group, a Ilnear_ dependence also on the radial

4 D coordinate seems to be possible. However, when the corre-

sponding expressions for the scalar fields are substituted into

As in the case of the Som-Raychaudhuri-dual solution, thgnejr equations of motion, the radial dependence disappears
electric monopoles are spread all over the universe. Thgnd the final solution takes the form

“dual” solution of this last combination can be written as
¢=pot+ P12z, a=ay, o=o0p+0,z, b=by,

Fu=\407-m’ F,=C(NF,,  (4.19 (4.19

and leads, as we expect, to adébtype universe of the form \yhere now

(3.8). The electric-charge density found above is substituted,

in this dual case, by a magnetic-charge density of the form d2+302=402. (4.20

7=(Q/2)/40%?—m?. The above density corresponds to a

homogeneous, constant distribution of magnetic monopolesthe above solution strongly resembles the one derived in the
The modification(4.10 of Maxwell's equations is accept- neutral case. This result was to be expected due to the ab-

able only in the case where the corresponding source-termsence of any interaction between the electromagnetic and the

do not act as an additional source for the gravitational fieldscalar fields. We may then conclude that the only effect of

and, thus, do not destroy the @al-type cosmological solu- the introduction of the electromagnetic field is the modifica-

tions. In other words, the introduction of charge and currention of the relation between the fundamental parameters of

densities in the Maxwell's equations result from the intro-the theory: instead of @>=m? holding in the neutral case,

duction of the term-2(j*+k*)A,, in the Lagrangian of the we now have

theory, whereA, is the electromagnetic potential. In prin-

ciple, such a term could enter the Einstein’s equations and 402-m?=Q?, (4.21

cause the violation of the @lel conditiong4.6). In the cases

of the Som-Raychaudhufinsatz(4.7), the ReboyasAnsatz  where Q plays the role of the electric or magnetic charge

(4.9), and their “dual” Ansaze (4.9) and(4.12, the source- depending on the “flavor” of the component of the electro-

term (j#+k*)A, vanishes identically and, thus, does notmagnetic field considered each time. A result similar to Eg.

affect Einstein’s equations and the solution for the spacet4.19 for a single scalar field minimally coupled to gravity

time. On the other hand, thensdze (4.14 and(4.16) intro-  and in the presence of an electromagnetic field was derived

duce a non-vanishing source-term in the Lagrangian whicltin [10]. Here, we presented the result for four scalar fields

depends non-trivially on the spacetime coordinates and thuasnd for all possible configurations of the electromagnetic

modifies the Gdel-type solution. As a result, these twm-  field that lead to a Gael-type universe. Once again, the gen-
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eralization of the above result for the case of multiple,respectively. While the density of the electric current van-
minimally-coupled to the gravity, scalar fields is straightfor- ishes on thez-axis and becomes constant at infinity as ex-
ward. pected, the electric-charge density also vanishes at the origin
Finally, the question concerning the existence or not ofbut diverges at infinity. This ill behavior of the electric-
closed timelike curves in the presence of the electromagneticharge density makes oAnsatzconsiderably less attractive.
field has to be addressed. The new relatiér21) between Moreover, a non-trivial source-term of the forftA, enters
the fundamental parameters of the theory leads to the resutie Lagrangian putting in risk the @el-type character of
402>m?. When this inequality is put together with the ex- our spacetime.
pression(3.9), we may easily conclude that the appearance However, the consideration of a constant, magnetic field
of closed timelike curves for a certain range of values of thealong thez-axis does not complete the picture of a charged,
radial coordinate is inevitable. No matter how harmless the rotating universe. There are additional components of the
modification of the relation between the parameters of thelectromagnetic field which are highly probable to exist and
theory may seem at first sight, it causes the breakdown of thehould be accommodated in our theory. For example, in a
causality in our Gdel-type axially-symmetric univer4g.8). rotating universe, there might be a steady distribution of
electric or magnetic monopoles along thaxis, thus, creat-
ing a radial electric or magnetic field, respectively. We start
V. EM: NON-MINIMAL COUPLING with the introduction of a radial electric field: the conditions

In the previous section, we considered all the possibld4-6) for the existence of a Giel-type universe are fulfilled
configurations of an electromagnetic field that may lead to &nd the fundamental relati@h.l) is recovered, if the electric
charged Gdel-type universe. Although all of the solutions field and the coupling functiofi; satisfy the following rela-
found are theoretically acceptable since they constitute solllons:
tions of the equations of motion, some of tAasdze con- ) 5
cerning the non-vanishing components of the electromag- = :i: Mol __ C(r) (5.3
netic field are more physically preferable. If we accept the vTC(r)y C3r)r 4 '
assumption of a homogeneous distribution of electric charges
over the universe, then, in the case of ad@letype universe, respectively. The substitution of the combinationFof, and
every point-charge rotating around theaxis creates a cur- Fy into Maxwell's equations(A27)—(A30) leads to the
rent loop. The net effect of all these tiny currents is theelimination of the charge-current densit§, while preserv-
creation of multiple “solenoids” around theeaxis with radii  ing the existence of the divergent electric-charge curgent
varying from zero to infinity. An observer located in a point and the corresponding source-tej, in the Lagrangian.
along thez-axis would detect a constant magnetic field in- ~ As a last resort, we include in the theory a radial magnetic
duced by the total current carrying by the “solenoids.” field F,,. By following a similar procedure, a Gel-type

So, if we assume thdl=2u,i, wherei the total current universe does indeed arise if we assume, apart from the re-

and u, the permeability of the free space, and go back tdations (5.3, that F,,=D(r)F;,. When the three compo-
constraints(4.1)—(4.3), we observe that, although the condi- €Nt Fyr, Fy, and F,, are substituted into Maxwell's
tions (4.6) for a Gadel-type spacetime are still satisfied, the €quations, we see that the above combination of the compo-
constraint(4.2) is not satisfied in the case of the minimal Nents of the electromagnetic field satisfies the source-free
coupling, i.e. in the case of a constant coupling funcfign Maxwell's equations and that the ill-behaved electric-charge
However, if we assume that the electromagnetic field is nondensityp is eliminated once we assume tHat=f5. Actu-
minimally coupled to gravity and assume the space?lly, the above combination of electromagnetic components

dependence of the coupling functiohsandf,, the follow- IS @ Reboyas-dual-type solution which in the minimal-
ing relation: coupling case satisfied the source-free equations as well. In

the present case, we demanded a constant, magnetic field
s o 25 along thez-axis and, subsequently, a radial electric and mag-
4Q0°—m*= ugi (5.1) netic field according to the expected distribution of charges
and currents in a rotating universe. Then, the introduction of

between the fundamental parameters is obtained once we a¥2ace-dependent coupling functions ensured the existence of

sume thatf(r)=—D?(r)/4. Note that, as in the minimal- & Galel-type rotating universe.

coupling case, the coupling functidg has to be negative in  Although the magnetic field takes on a constant value as

order to ensure the positivity of thet-component of the W€ assumed motivated by the corresponding behavior of a

energy-momentum tensor of the electromagnetic field. ~ Magnetic field in Minkowski spacetime, the other two com-
When theAnsatzfor the electromagnetic field is substi- Ponents adopt a different behavior. For a linear, constant

tuted into Maxwell’s equation§A27)—(A30), we obtain the distribution of electric or magnetic charges, in Minkowski

following expressions for the electric-charge density and théPacetime, we anticipate to find a radial electric or magnetic
density of electric current along thg direction field decreasing with the radial distance from the origin.

However, in a Gdel-type spacetime, the electric field be-

. ] haves a€£,~ 1/r? near the origin while decreasing exponen-

_ Mol (CD)" . ol D (5.2 tially at infinity. On the other hand, the radial magnetic field
P= D J 4 D’ ' scales a8, ~ 1/r near the origin, as expected, but assumes a
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constant value at infinity which leads to an infinite total f, which are already of)(a’) will contain only the zero-

amount of magnetic charge. At the end of the day, the coryrger expression for the scalar fields and have the form
responding magnetic-charge density associated Bjitban-

cels out the divergent electric-charge dengitjeaving the o' eot 41z a'ag
three electromagnetic components to satisfy the source-free fz=— 8—92 fa=— 8_92 (6.3
Maxwell's equations.

Finally, let us add here that the fundamental relati®n) We start with the Som-Raychaudhuri generaliZetsatz

leads again to 2%>m? and to the existence of closed time- for magnetic field which can be written as
like curves according to Eq3.9). It seems that the introduc-
tion of an electromagnetic field, coupling minimally or non- For(r,2)=Qe” 2D (r). (6.4
minimally to gravity and being induced by an electric or
magnetic charge or electric current, always results in théf we allow the above magnetic field to satisfy the general-
breakdown of causality in a @el-type universe. The ac- ized Maxwell's equationg4.10, we are led to the determi-
commodation of multiple, minimally-coupled to gravity, sca- nation of the corresponding electric and magnetic-charge
lar fields of the form(4.19, although compatible with the density necessary to support this magnetic field. They are
above picture, cannot lead to the restoration of causality ofiven by
our Gadel-type universe.
a’'Q a' ¢y
VI. EM AND SCALAR FIELDS: STRING COUPLING P 492 K 1692

Qe 972, (6.5

In this section, we assume the presence of an electromagyhere, now, from Eq(3.18), (ﬁ: m? and where we have set

netic and scalar fields minimally—coupled to graVity but with ap= 1 for S|mp||c|ty The more Comp'ex RebmAnsatz
a non-trivial interaction between them. Thus, we assume thaiow takes the form

the coupling functiong; andf, are field-depender2.5) in

agreement with the one-loop corrected superstring effective Fi,=Qe #?sin(2Qz), F,,=C(r)Fy,,
theory. For simplicity, we are going to consider the case
where only the dilatorp and axiona fields are present in the F.=—Qe #2D(r)cog20z), (6.6)
theory and ignore the moduli fields and o. More specifi- _ _ _ _
cally, we consider the following action functional: and the corresponding electric and magnetic-charge density
are found to be
Serr= | d*xV—g R oA+ E(a $)*+ 1e*2¢(a a)? ' )
eff 2 4\ %r 4 z @ dr A
p= == Qe sin(20z), n=-—-x7Qe ?o0g20z).
I A ’ 1% 1@
_ € FUVE a_aFﬁ (6.1) (6.7
892 )% 892 . .

The “dual” forms of the aboveAnsdze demand a rather

The possible configurations of the electromagnetic fieldcomplex distribution of electric and magnetic charges and
capable of leading to Gtel-type cosmological solutions, in currents. Namely, for the Som-Raychaudhuri-déakatz
the minimal-coupling case, were studied in Sec. IV. Here, we
will attempt to generalize thosénsazein the case of field- F.o=Qe ??D(r), (6.9
dependent coupling functions in such a way as to ensure the .
existence of a Gael-type universe. We anticipate that the W& obtain
dependence of the coupling functions on the scalar fields will

be appropriately absorbed in tAesazefor the electromag- p=— @ ¢21 Qe‘/”ZE, n=— a_zQef </>/23, (6.9
netic components as well as in the expressions of the electric 169 D 89 D

j* and magnetick* four-currents. However, the coupling ) o2

between the electromagnetic and scalar fields may result in a o X P €T Ke—0 6.10
spacetime dependence for the fiellenda different from J 1692 < D ' ’

the one found in Sec. IV. We may, thus, write the expres-

sions for the scalar fields in the following way: while, for the generalized Rebgas-dualAnsatz
o(r,2)=¢(2)+a'$(r,2), a(r,z)=a+a'4(r,2), Q
(6.2 I:tr:Ee d>/2, qur:C(r)Ftry quz:_D(r)Ftrv
where¢® anda(® are the zero-order solution for the scalar (6.11

fields which follow if we seta’ =0 and which are given by we are led to the expressions
Eqg. (3.17). Since, in the above Lagrangian, we have consid-
ered only terms up t@(a’) in the Regge slope, we must 'Qet? D c
ignore all terms in the equations of motion that are of p= @ <__¢L) (6.12
O(a'?) or higher. As a result, the coupling functiohgand 8v2g2 |D 2D )’
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@'Qe ¥2(D'  $,C to a Galel-type universe. However, it turns out that the com-
7=~ ———\D5 " 2p | bination of the source-term and the kinetic teffm, F#" van-
8v2g ishes identically which leads us to the results of Sec. Il for

an uncharged Giel-type universe.
L, $1Q i”z o @' $1Q e %2 6.13 The onlyAnsatz for which this source-term is identically
_16‘fzgz D’ - 16v292 D ' zero, is the generalized Som-RaychaudiAnsatz(6.4). As
a result, this is the only acceptable solution for the electro-
Finally, and in order to complete the picture, we reconsideimagnetic field since it leaves unchanged the Einstein’s equa-
the Ansaze(4.14) and(4.16), which in the minimal-coupling tions while satisfies the source-full Maxwell’'s equations at
case were ruled out. In its appropriately generalized formthe same time. On the other hand, the required distribution of

the Ansatz(4.14) reads electric and magnetic charges is finite and homogeneous in
) radial space and, thus, more physically favored with the cor-
Fe=Qe ??, F,=C(n)Fy, (6.14  responding current densities being identically zero. For this

solution, the constraint4.2) leads to the following relation

leading to the results of the fundamental parameters of the theory:

a' D’ a' ¢y ,
=g 5 gz e (619 407 mP=s 5 Q. (6.20

00 Ke=— a’ﬁle e 2 6.16 We observe that the introduction of a non-trivial interaction
] ' 1692 D '’ : between the scalar fields of the theory and the electromag-

netic field does not restore the causality of the axially-
while, for its “dual” Ansatz symmetric spacetime since the above relation results, once

412 again, in the appearance of closed timelike curves.
Fi,=Qe ™% F,=C(r)Fy, (6.17 Finally, we need to determine the solution for the scalar

fields ¢ anda in the presence of the'-order electromag-
netic field. For the only acceptable configuration, i.e. the
/ Som-Raychaudhuri generalizédhsatz(6.4) for a magnetic

we obtain

_ @b _ @ : i
p= WQG . n= EQ—Qe . (6.18 P:rlri along thez-axis, Egs.(A23), (4.4), and (4.5) take the
In this form, with the el_e_ctric e}nd magnetic den_sities of 9, ba,b+e 2%9.a0,a=0, (6.21)
charges and currents explicitly written, we may easily detect
the actual electric-magnetic duality relationihat hold~be- (9,4)2+e 2%(9,2)2=0, (6.22
tween some of theAnsaze and connectF,, with F*”
=3 n*""°F ,,. The Som-Raychaudhu#insatz(6.4) and the (9,0)°+e 2%(9,a)%=402, (6.23

Ansatz(6.17) are connected by the duality transformations o _
By taking into account expressiori6.2), we conclude that

F-—F, jrokt, kis—jk ¢——¢, (6.19 each of the above terms involving derivatives of the axion
field a as well as the termd( ¢)? are of O(a’?) and they
and the same holds for the Som-Raychaudhuri-d\ralatz ~ should be ignored. Then, Eq6.22 is trivially satisfied,
(6.8) and theAnsatz(6.14). The dilaton participates in the while Eq.(6.21) leads once again to the independence of the
duality transformations due to the non-trivial coupling be-dilaton field of the radial coordinate. Equation(6.23 re-
tween this field and the electromagnetic one. The same dweals the fact that the dilaton field is linearly dependent on
ality but without the participation of the dilaton field was the coordinate leading to the result
also valid in the minimal-coupling case studied in Sec. IV.
This duality is always valid in the source-free case, breaks
down when the electric four-current* is included in the
theory and is restored only after the introduction of the mag-
netic four-currenk* [20]. Since Einstein’s equations can give us no information on
All of the above generalizeAnsazefor the electromag- the form of the axion field, we turn to the corresponding
netic field respect the conditiori4.6) and, in principle, lead equation of motior(2.8). The combinatiorFF which acts as
to a Galel-type rotating universe of the for(8.8). However, a source-term in the axion equation of motion is identically
in almost all of the cases, a non-trivial source-teri ( zero for theAnsatz(6.4) and, thus, we obtain
+k*)A, enters the Lagrangian and subsequently the Ein-
stein’s equations destroying eventually thed8btype solu-

alQZ
&(2)= gt P1z| 1+ 49—2m> (6.24)

da(r,z)

d
—2(¢ot ¢12)__
e ar {D(r)

tion for the spacetime. In the case of the Som-Raychaudhuri- ar

dual Ansatz(6.8), we found the non-vanishing source-term

j#A, to be a constant. Such a source-term could be absorbed +D(r) K o~ 2(bo+ 12) Ja(r,z) _0. (6.25
in the cosmological constant of the theory leading once again a9z Jz ' ‘
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By applying the method of separation of variables, the soluand are still satisfied by all the configurations of the electro-

tion for the axion field takes the form magnetic field considered in Secs. IV, V, and VI. However,
the solution for the spacetime line-element, now, has the
a(r,z)=ap+ a’Agcosimr)cogmz), (6.26  form
2 .
Wherer is an arbitrary constant and where the reality of the y2_| 4¢+ 25in2<'u—r) d(p} —dr2—dz2— Md‘pz
axion field has been demanded. e 2

It is worth noting that the existence of a @al-type rotat- (6.30

ing universe, in the presence of interacting scalar and elec- .
tromagnetic fields, is incompatible with a universe emptyand the relation$4.21), (5.1), and(6.20 between the funda-

from electric and magnetic charges and currents. For in_mental parametzers of the theory are modﬁmd@;n;ar[’nbemg
stance, if we demand that the Som-Raychaudifursatz rgp?l)acgd t_)y— /"b' Theg,, component of the | metric
(6.4) satisfies the source-free Maxwell's equations, we aré 30 is given by

led to the resulC=0 and 4 ur 402\ ur
gq,(p:—?smz 7 1—- 1+7 Slr'l2 7 s

1 ) o
D(r)=;sm(,ur) with ZAE,LLz:EzQZ. (6.31)

(6.27 and it is easy to see that the sign of the expression inside the
brackets changes from positive to negative and vice versa in
Then, the line-element of the spacetime assumes tha harmonic way giving rise to successive causal and acausal

!

spherically-symmetric form regions in spacetime. This behavior was originally found in
the case of a minimally-coupled to gravity, electromagnetic
Sin(ur) field [5] and, subsequently, in the framework of other theo-
ds’=dt?—dr’—dzZ— ——5—d¢? (6. ries as well[18].
with the metric componeng,,=—D?(r) being always VIl. CONCLUSIONS

negative and, thus, g)fcluding the presence of (_:Iosed timelike | this paper, we have addressed the question of the exis-
curves. Near the 'or|g|ﬁ)(r.)~r an_d the above line-element iance of axially symmetric Giel-type solutions in the
resembles the Minkowski one. Finally, from Edd.4) and  gramework of gravitational theories formulated in a way
(4.5 we find that the only acceptable solution for the scalargmilar to the one-loop superstring effective theory. The in-
fields is ¢= ¢o=const anda=ao=const leading to their corhoration of minimally-coupled to gravity scalar fields as
decoupling from the th(?ory. The presence or not of th&ye|| as a non-vanishing electromagnetic field, either mini-
source terms in Maxwell's equations affects the form o_f thema"y or non-minimally coupled to gravity, was proved to be
metric functionC(r) and thus the structure of the spacetime: consistent with the concept of @el-type rotating universes.
while in the source-free case, the system of equations accepie coupling functions of the electromagnetic field were as-
only spherically-symmetric line-elements with no CTC’s andsymed to be zero, constant, space-dependent or field-
a positive cosmological constant, in the source-full casegependent with various consequences each time on the struc-
axially-symmetric Gdel-type solutions, that are character- yre of spacetime and the solution for the scalar fields.
ized by a negative cosmological constant and the presence of | the absence of an electromagnetic field, the system of
CTC's, arise. Moreover, in the former case, the scalar fieldshe four scalar fields of the superstring effective theory, all
are decoupled from the gravito-magnetic system, while, IMminimally-coupled to gravity, was studied in an axially-
the latter case, a first-order, im’, solution for the scalar symmetric background. Assuming also a vanishing cosmo-
fields was found that completes the zero-order solution founqjogica| constant, the above system inevitably leads to a
in Sec. Ill.. _ o spherically-symmetric spacetime background and to the de-
Let us, finally, note that, in the neutral case studied in Secgoypling of the scalar fields from the theory. Once a non-
IIl, the negative sign c:fzthe 005r7120|09'ca| constant was dicyanjshing, negative value for the cosmological constant is
tated by the relatiorC'*=—2AD" and the reality of the assumed, an axially-symmetric solution for the spacetime of
metric functions. In all the charged cases, however, considy Gael type does arise with the scalar fields either depend-
ered in this article, there was no constraint on the sigh.of  ing Jinearly on thez coordinate or adopting a constant value.
Due to the fact that the original @el solutions were derived Tphe resulting solution for the spacetime is an “extreme”
for a negative cosmological constant, we chdst have a  Ggdel-type universe with the fundamental parameters of the
negative sign in these cases, too. We would like to stress th%‘ieory satisfying the relation: @2=m2. It is exactly this
Godel-type solutions arise also for a positive cosmologicake|ation that ensures the non-existence of closed timelike

constant. In this case, the conditiof#s6) take the form curves and the non-violation of causality in ouF d@btype
universe. However, as it is known in the literature, this
D" ¢ spaceti lution is “on th " of displaying th
v oA 2 & pacetime solution is “on the verge” of displaying the
D const= —2A Kb const=24, breakdown of causality which is realized wheif)% be-

(6.29 comes even slightly larger than?. The introduction of mul-
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tiple, minimally-coupled to gravity, scalar fields is straight- of closed timelike curves. The non-trivial coupling between
forward leaving the solution for the spacetime unchanged. the scalar fields and the electromagnetic field, although not
Next, we studied the charged case, and the correspondir@ple to restore the causality, leads to different results for the
equations of motion were re-written in a convenient wayscalar fields and especially for the axion field While the
which allowed us to determine first the solution for the met-dilaton field depends only linearly on tlzecoordinate as in
ric functions in terms of the electromagnefimsatzconsid- ~ the previous cases, the axion field abandons the constant
ered each time and subsequently the solution for the scaliielue adopted so far and assumes a form which strongly
fields. We started with the case of minimally-coupled elec-depends on both andz coordinates.
tromagnetic and scalar fields assuming constant values for In conclusion, a charged, string-inspired, gravitational
the two coupling functionsf; and f,. The gravito- theory of scalar and electromagnetic fields of the form con-
electromagnetic system was examined thoroughly, in th&idered in this article always accepts axially-symmetric
presence of a negative cosmological constant, and apart frofsodel-type solutions in the presence of a non-vanishing,
the two solutions already known in the literature, the Som-negative cosmological constant. @#-type solutions arise
Raychaudhuri solution and the Rehascsolution, two new @lso in the charged case with a positive cosmological con-
configurations were determined. They follow from the afore-stant, however, they are shown to lead to successive causal
mentioned solutions once one interchanges the indigesd ~ and acausal regions in spacetime. Only in the neutral case,
z in the non-vanishing components of the electromagneti¢vhere we ignore the electromagnetic field, are we able to
field. The invariance of the equations of motion under thisensure the non-violation of causality in the universe in agree-
interchange results in the fulfillment of the' @l conditions ~Ment with previous results by Barrow and Dabrowgk8].
by these newAnsdze as well. As a result, a Gfel-type ro-  Once the electromagnetic field is introduced, the emergence
tating universe emerges but, now, the relation between thef the Galel-type solution is always accompanied by the
fundamental parameters of the theory has becorfi? 4 appearance of closed timelike curves and the violation of
>m2. This means that closed timelike curves appear for &ausality. However, the realization of the causally-illdab
certain range of the radial coordinate and the causality i§olutions in the universe should be impeded by physical rea-
violated. The introduction of the electromagnetic field hasSOns. The uniformity of the cosmic microwave background
evidently destroyed the fragile balance between the violatiohadiation, as dictated by theose data, leads to the conclu-
and the conservation of causality that characterized the ne§ion that the rate of the rigid rotation of our universe, if
tral case. On the other hand, the scalar fields assume a forfiistent at all, should be extremely small. On the other hand,
similar to the one found in the neutral case due to the abthere is only weak indication for a global charge in the uni-
sence of any interaction with the electromagnetic field. ~ Verse with the bulk of astrophysical objects being neutral. As
The more physically favorednsatzof a constant mag- @ result, it is highly improbable that our universe would
netic field along the rotation axis and a radial electric and@dopt the geometry of a @el cosmological solution, thus,
magnetic component was studied next. This spedifisatz ~ €xcluding the possibility of the appearance of closed timelike
follows from the anticipated distribution of magnetic and curves and the violation of causality. Finally, an interesting
electric charges and currents in a rotating universe: pointduestion that still remains open is what is the effect of the
charges that create current loops around the rotation axis ariigher-order perturbative terms &’ on the causal patholo-
a static distribution of electric and magnetic monopolesdies of the Gdel-type solutions derived in the framework of
along the same axis. For such a configuration, thelebo the superstring effective action. It is rather plausible that the
conditions are again fulfiled and the Maxwell's equationsPresence of these terms, even if it is not Capable_ of resolving
are satisfied as long as we assume that both of the coupliri§e appearance of CTC's, would render the stringyd&@o
functionsf, andf, have the same dependence on the radiafyPe solutions unstable, thus, depriving them from any physi-
coordinate. Then, a Gel-type solution for the spacetime cal significance.
does arise which is again characterized by the violation of
causality and the appearance of closed timelike curves. The
incorporation of minimally-coupled scalar fields although ACKNOWLEDGMENTS
straightforward and compatible with the above results cannot p  \vould like to thank Marcelo J. Rebgagsfor enlight-
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The possible configurations of the electromagnetic field that

could lead to a Gdel-type rotating universe were re-

examined. Several such _configurations were fou_nd but only APPENDIX: USEFUL FORMULAS AND EQUATIONS

one of them, the generalized Som-Raychaudhuri ansatz of a

magnetic field along the rotation axis, managed to satisfy the For the axially-symmetridnsatz(2.6) for the metric ten-
Godel conditions and the corresponding source-full Max-sor of the universe, we find the following results for the
well's equations at the same time. Once again, the relationon-vanishing components of the fully covariant curvature
402>m?, that holds in this case too, leads to the appearancensorR,,
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and the scalar curvatui®

2DH C72
D ' 2D2"

(A7)

respectively. By using the above expressions, the non-
vanishing components of the Einstein tens®y, are the
following:

3C/2 D// C/2
Gtt:_ZF‘i—Ba Grr:_Wa (A8)
, CZD// CrZ 3c2ch

Cee==CCH 5 =7~ 2Dz
CcC'D’
+ o (A9)
C72 Dn
G,,= 2D (A10)
S i i 3CC’2+C’D’
tem 2 D 4D? 2D
(A11)

If we assume that, due to the symmetry of the line-element of the spacetime, the scalar fields depend amigtmrthe
corresponding components of the energy-momentum te'h},ptake the form

To= %{(0r¢)2+(az¢)2+e*2¢[(<9ra)2+(aza)2]+3[(<9rcr)2+(azo)z]+3e*2"[(arb)2+(ﬁzb)2]},

(A12)
s 1 -2¢ -20
Trz=§{&r¢az¢+e drad,a+3d,00,0+3e %79,bd,b}, (A13)
1
TrSr=Z{(é’rd))z_(‘92¢)2+e72¢[(0”ra)2_(aza)z]+3[(‘9r0')2_((920')2]+39720[(0rb)2_(azb)2]}1
(Al4)
T =Ty, T.,=(C°-D»T, T;,=CTy. (A15)
In the presence of a non-vanishing electromagnetic field, the Einstein’s equations take the form
3 C,Z D" rre2 272 2 FZ S
—ZF+F+A+4f3 g"F;+g th+9WFt<p_Z =—Tx, (Al6)
CrZ 2
—gp? ~ A+ ATe| QUFG+ T+ QU RE + 20 R F ot | = = Th (A17)
CIZ D" tte2 rre2 2 t F2 s
W_E_A+4f3 g th+g Fzr+g‘P‘PFz<p+29 ‘PthFZ<p+T :_Tzzr (A18)
CZDN CrZ 3C2C12 CcC'D’ F2
—CC'+ 5~~~ —pz *p  +A(CP-D?)+4fy g“Fit+g”Fi,+gZZFiz—Z(CZ—DZ)}—T;,
(A19)
Cc’ CD” 3cc'? c'D’ . ) s F? .
— >+t " apz T op TACHAT| 0 FuF it 0T F— gF — - C = TG, (A20)
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O F i Fr tg9F  Frot g F F =0,  (A21)
grrFterr+g(P‘PFusz:p_"ngt:szt: 0, (A22)

4f3[gnFrtht+ g(prr(pFZqD+ gt¢(FrtFZ¢+ thFrq:)] =-T;

rz»

(A23)
gttFrthpt+gZZFrZF<pZ+gt(PFr¢F<pt:o: (A24)
gtthtF¢t+grerrF¢r+gt‘pFZ¢pF¢t:01 (A25)

whereF?=F#'F , is given by
F2=2{g"(—Ff —F5+0%F¢,) +F,—g**(F; ,+FZ,)

—(9"F )= 29" (FF o+ FiF )}, (A26)
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the Maxwell's equations, that come from the equation of
motion of the electromagnetic fiel@.12 and have the form

fa 5 o 1
dy B[(D -C )Frt+CFr<p] +‘9r(f4Fz<p)+5az

X{f3[(D2_Cz)th+CFz<p]}_‘?z(fAan):oa (A27)
D&z(fBFzr)_ﬁz(fAan):O- (A28)
ar(DfBFrz)_"U"r(fAFt(p):O- (A29)

1
+ 5 az{f3(sz_ Cth)}_ ar(f4th)

f3
Iy B(Frgo_CFrt)

+9,(f4F)=0. (A30)
and wa denotes the energy-momentum tensor of the scalar
fields given above. As a result, any solution for the metric functio@gr) and
In the charged case, the components of Einstein’s equdd(r) and the various components of the electromagnetic

tions are supplemented by a set of four additional equationgield has to satisfy also the above four equations.
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